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Abstract 
 
Slope stability analysis is a classical problem of geotechnical engineering 
characterized by many sources of uncertainty. Some of these sources are connected to 
the uncertainties of soil properties involved in the analysis. Current practice of slope 
stability analysis relies in the deterministic characterization and assessment of 
performance of embankments, excavations and Municipal Solid Waste (MSW) 
landfills. These slopes have been evaluated in terms of the factor of safety, where the 
shear strength mobilized along the failure envelop is compared with the shear stresses 
generated due to self-weight of the soil mass and surcharge loading on the slope. The 
significant uncertainties associated with the shear strength and shear stresses render 
deterministic modeling potentially misleading. For example, two slopes with the same 
factor of safety can have significantly different probabilities of failure. 
The traditional engineering approaches like method of slices used for evaluating the 
slope stability are frequently questionable because they do not adequately account for 
uncertainties included in analytical modeling and natural variability. The present work 
builds on probabilistic assessment approaches to develop reliability based design 
optimization (RBDO) methodology. Moreover, Reliability Based Design 
Optimization (RBDO) quantifies the variability associated with the shear parameters 
of the soil and thereby produce a more accurate and informative method in 
geotechnical sustainability of slopes. The reliability index or probability of occurrence 
or probability of failure is directly influenced by how well the slope mechanism is 
understood, and how much uncertainty exists with the performance of sliding limit 
states. Therefore, a probabilistic slope stability analysis should account for inherent 
uncertainty and modeling uncertainty. 
The mean and standard deviations associated with unit weight, cohesion and angle of 
internal friction of the soil are taken into account in the probabilistic optimization. 
Reliability analysis of soil slopes is presented using first order reliability method 
(FORM) i.e Hasofer-Lind-Rackwitz–Fiessler (HL-RF) method. The results of these 
methods are compared using five recognized methods of slope stability. These are 
vii 
Ordinary method of slices, simplified Bishop's method, Janbu’s Simplified Method, 
Spencer Method and Morgenstern & Price Method. A limit state function is 
formulated against sliding failure. Reliability indices against sliding failure using the 
various method of slices have been computed. Moreover, a procedure is presented for 
locating the surface of minimum reliability index for slopes. 
Design Charts have been presented for the calculation of reliability indices using 
different deterministic methods. The influence of the variable parameters on the 
location of the critical center and there by the critical slip surface is observed and 
significant conclusions have been drawn. 
An attempt has been made to apply the RBDO to soil lopes in the presence of water 
table and for heterogeneous soil slopes with layered soils.  
  
viii 
Nomenclature 
fr probability density function of stresses (r) 
fs probability density function of strengths (s) 
P(x) probability of occurrence of the event x 
s  The available shear strength  
τ  The equilibrium shear stress 
FS factor of safety 
τm mobilized shear strength 
τf ultimate shear strength 
COV co-efficient of variation 
β Reliability Index 
c cohesion at the base of the slice 
ϕ angle of internal friction at the base of the slice 
γ unit weight of soil  
α The inclination of the slope with respect to horizontal in 
degrees 
H Height of the soil slope in meters  
xo x-coordinate of the center of the slip circle 
yo y-coordinate of the center of the slip circle 
R Radius of the slip circle 
(p,q) crest point of the slope 
(p1,q1) entry point of the slip circle 
(p2,q2) exit point of the slip circle 
b base width of the slice 
z average height of the slice 
xi x-coordinates of points on the slip circle  
yi y-coordinates of points on the slip circle  
E, X normal and shear interslice forces  
ix 
N normal forces acting at the base of the slice 
Ff , Fm force (f) and moment (m) factor of safety 
w weight of a slice 
θ base angle of a slice 
dl length of slice along the base 
FSOMS factor of safety from Ordinary Method of Slices 
FSBishop factor of safety from Bishop’s Simplified Method 
FSJanbu factor of safety from Janbu’s simplified Method 
FSSpencer factor of safety from Spencer Method 
FSMP factor of safety from Morgenstern – Price Method 
G(x) The performance function 
βc Cornell Reliabilty Index 
βHL Hasofer – Lind Reliability Index 
βOMS Reliability Index from Ordinary Method of Slices 
βBishop Reliability Index from Bishop’s Simplified Method 
βSpencer Reliability Index from Spencer Method 
βMP Reliability Index from Morgenstern – Price Method 
u pore water pressure  
U resultant pore water pressure at the base of the slice 
Hw height of the water table 
αw inclination of water table with the horizontal 
xwt x- coordinate point of intersection of the water table and the 
slip circle 
mbx x-coordinate of the midpoint of the base of the slice 
mby y-coordinate of the midpoint of the base of the slice 
hw average height of the water table for a given slice 
ht height of top layer in a three-layered soil slope 
ct cohesion of the soil in top layer in a three-layered soil slope 
x 
ϕt angle of internal friction of soil in the top layer in a three-
layered soil slope 
hm height of middle layer in a three-layered soil slope 
cm cohesion of the soil in middle layer in a three-layered soil 
slope 
ϕm angle of internal friction of soil in the middle layer in a three-
layered soil slope 
cb cohesion of the soil in the base in a three-layered soil slope 
ϕb angle of internal friction of soil in the base a three-layered soil 
slope 
xm x- coordinate of the point of intersection of the middle layer 
and the slip circle 
xs x – coordinate of the point of intersection of the middle layer 
with the slope  
xb x- coordinate of the point of intersection of the base of the 
slope and the slip circle 
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Chapter 1 
 
Introduction  
   
 
1.1. Uncertainty  
Unlike structural and mechanical engineers whose work composes with dealing with 
components which have fixed dimensions and pre-defined behavioral properties, 
geotechnical engineer have to deal with materials and geometries provide by the 
nature.  
These conditions are not predefined and hence must be inferred via intense 
observational and experimental studies which are often costly. Uncertainties arise 
when we look for accuracy of these experiments, in modelling in-situ conditions of 
the soils perfectly in a laboratory and in prediction of the resistances that the materials 
will be able to mobilize.  
In structural and mechanical engineering, the uncertainties are largely deductive i.e. 
they start from known conditions and models can be employed to deduce their 
behavior from the pre-defined specifications. Whereas the uncertainties in 
geotechnical engineering are inductive i.e. there are limited observations to begin 
with, the judgment of the engineer isn’t reliable, and the limited knowledge of 
geology, and the statistical reasoning’s that are employed to infer the behavior 
undefined naturally occurring materials. 
Decisions have to be made on the basis of information which is limited or incomplete. 
For instance, there might exist spatial variability in the strength of soil in a slope, the 
measurement of parameters might not be perfect and there is a possibility that the 
samples collected do not correctly represent the entirety of the slope material. Hence 
there is a considerable uncertainty in regards to our knowledge of the input 
parameters.  
2 
Geotechnical engineers deal with uncertainties by recognizing that risk and 
uncertainty are inevitable and by applying the observational method (Peck 1969) [1] 
to maintain control over them. However, the observational method is applicable only 
when the design can be changed during construction on the basis of observed 
behavior. In those cases in which the critical behavior cannot be observed until too 
late to make changes, the designer must rely on a calculated risk. 
It is, therefore, desirable to use methods and concepts in engineering planning and 
design which facilitate the evaluation and analysis of uncertainty. Traditional 
deterministic methods of analysis, which use the factor of safety as a measure of 
safety, must be supplemented by methods which use the principles of statistics and 
probability. These latter methods, often called probabilistic methods, enable a logical 
analysis of uncertainty to be made and provide a quantitative basis for assessing the 
reliability of foundations and retaining structures. Consequently, these methods 
provide a sound basis for the development and exercise of engineering judgment. 
In this study, we are mainly concerned about the uncertainties involved in slope failure 
mechanism and their influence on the overall slope stability. 
1.2. Reliability and Probability 
Over the years, a more formal way of dealing with the uncertainties has been 
developed by applying the Reliability Theory to geotechnical engineering. 
Reliability studies provide a way of quantifying those uncertainties and handling 
them consistently.  
As discussed above, the deterministic method do not take into account the variation 
or the uncertainty in the various factors that are involved in the calculation of the 
stability. When uncertainty in the factors exists, the factor of safety, which is 
dependent on these factors will not be a consistent measure of the stability of slopes, 
as slopes with same factor of safety can have different levels of failure probability 
depending on the variability of those factors. As deterministic slope models do not 
take into consideration these uncertainties and use only average input parameters, 
may provide misleading results for slope reliability. Reliability calculations provide 
a means of evaluating the combined effects of uncertainties, and a means of 
distinguishing between conditions where uncertainties are particularly high or low. 
3 
Reliability, accounts for the heterogeneity of the system under consideration. The 
effect of the various parameters which vary continuously across the system are called 
the random variables. In the probabilistic approach to slope stability, the input 
parameters which are essentially the properties of the material, are considered as 
random variables.  
Reliability is theoretically defined as the probability of success i.e. 
1 ( )R P x   (1.1) 
where P(x) is the probability of the event x, which is the failure. 
Slope reliability analysis provide a means of evaluating the combined effects of 
uncertainties in the parameters involved in the calculations. The computational effort 
that goes into probabilistic analysis is much more than that required for deterministic 
analysis. As stated before, experience and engineering judgement are required to 
establish an order of magnitude of the acceptable failure probability which depend on 
the importance and service time of a slope as well as the consequences of failure, if 
and when failure occurs. Both deterministic and probabilistic methods should be 
performed and these alternative methods can be considered as complementary to each. 
1.2.1. Reliability Based Design Optimization (RBDO) 
The above literature clearly indicating the fact that there is a high degree of variability 
and uncertainty involved in the material properties of soil slope which have not been 
incorporated in the calculations of factor of safety. As the traditional factor of safety 
based design does not include uncertainties of in the soil properties, there is a need to 
apply Reliability Based Design Optimization (RBDO).  
A target reliability based design optimization method developed by (Basha and Babu 
2010 [2]) is used in this work to obtain a reliability index considering the variability 
associated with cohesion of soil, the unit weight of the soil and the angle of internal 
friction of the soil. Reliability based design optimization has been carried in order to 
study the influence of uncertainties associated with soil properties and geometry of 
the slope on the critical slip surfaces. 
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1.2.2. Reliability Calculations Method  
The factor of safety is the index that is considered for the assessment of slope stability 
within a deterministic framework. Similarly, within a probabilistic framework, the 
probability of failure is considered as an index of instability. Alternatively we can say 
that the probability of failure is when the stress coming onto the soil slope (s) is more 
than the strength possessed by the soil slope. Stress is used to indicate any component 
or equipment that tends to induce failure, while strength indicates any component or 
equipment that resists failure. Let the probability density function for the stress(es) be 
denoted by sf  and that for strength ( r ) by  rf  as shown in Fig. 1.1. 
 
Figure 1.1: Graphical representation of stress and strength interference region 
The reliability is defined as the probability that the stress will not exceed the strength 
as follows:  
Reliability =    0P r s P r s     (1.2) 
where P  is the probability of failure. The shaded region in Fig. 1.1 is the interference 
region, which indicates a finite probability of failure and its converse denotes the 
probability of safety or reliability. The magnitude of the failure probability is a 
function of the degree of overlap of the two distributions. The greater the shaded area, 
the greater is the probability of failure.  
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The probability of failure (
fP ) for this example can be calculated from the following 
integral: 
   f r sP f r f s drds

   (1.3) 
However, despite that the integral of Eq. (1.3) can have a direct analytical solution for 
some special cases, or can be performed numerically for some other cases, in most 
real life situations the integral cannot be evaluated directly. In many cases the failure 
domain may not have an analytical expression and  
the problem gets more complicated as the number of random variables increases. 
Thus, other methods such as the simulation-based reliability methods (Monte-Carlo 
simulation methods), or the analytical reliability approximation methods (e.g. the first 
and second order reliability methods, and the advanced mean value method) must be 
employed, and are presented in the following sub-sections. Based on the level of 
complexity involved in the probability theory used, the international standards 
organization (Madsen et al., 1986 [3]) categorized the design procedures into three 
groups 
Level I: Semi probabilistic method 
Reliability methods that employ only one characteristic value of each uncertain 
parameter are called Level I methods. Load and resistance factor formats including 
the allowable stress formats are examples of Level I methods. 
Level II: Approximate probabilistic method 
Reliability methods that employ two values of each uncertain parameter (mean and 
variance), supplemented with measure of the correlation between the parameters are 
called Level II methods. Reliability methods are examples of Level II methods. One 
of the approximate probabilistic methods is the first order second moment (FOSM) 
method, which uses the first two so called moments, the mean and coefficient of 
variation. A Taylor series expansion is used to approximate the first two moments and 
only the first order terms in the series considered.  
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Level III: Fully probabilistic method 
The Level III reliability method requires the exact shape of probability distributions 
of each random variable. Reliability methods that employ probability of failure as a 
measure and therefore require a knowledge of the joint distribution of all uncertain 
parameters. Since the fully probabilistic method is too complex and the exact 
information about loads and resistance is hardly available. 
1.3. Slope Stability 
Evaluating the stability of slopes in soil is an important aspect in civil engineering. 
The quest for solving problems in slope stability have led to important advances in 
understanding the behavior of soils. Extensive research and advances in engineering 
over the past 80 years provide us with a sound set of soil mechanics principles with 
which to attack practical problems of slope stability. 
With the passage of time, the experiences with the behavior of slopes and their pattern 
of failure, have paved way for the development of increased understanding of the 
changes in properties of the soil that can occur over time, to recognize the limitations 
of laboratory and in situ testing for evaluating soil strengths, improved understanding 
of the principles of soil mechanics which connect behavior of soil to slope stability, 
and improved analytical procedures strengthened by extensive examination of the 
mechanics of slope stability analyses, and the usage of computers to perform complex 
analyses. 
Slope stability analysis is performed to assess the safety of a human-made or natural 
slopes (e.g. embankments, road cuts, excavations, landfills etc.) and the equilibrium 
conditions. Slope stability is the resistance offered by the curvilinear surface to failure. 
The objective of slope stability analysis is to locate critical failure surfaces, investigate 
potential failure mechanisms, optimal design of slopes with due consideration to 
safety, reliability and economics. 
 
1.4. Deterministic Methods and Factor of safety 
Slopes are can be highly unstable structures due to the lack of lateral confining 
pressure on the slope side. Thus it is essential to determine how stable a slope is in 
order to optimize the geometry of the slope in such that an effective use of space and 
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efficient functioning is assured. Slope stability calculations need to be performed to 
ensure that the resisting forces are sufficiently greater than the forces tending to cause 
a slope to fail. The computation of factor of safety (FS) is the most commonly 
measured quantity to depict the stability of the slope. 
The factor of safety, FS in general is defined as ratio of the forces which contribute in 
resisting the failure of the slope to the forces causing it, is defined with respect to the 
shear strength of the soil as 
s
FS

   (1.4) 
where s is the available shear strength and τ is the equilibrium shear stress. 
Factor of safety (FS) is usually calculated using limit equilibrium procedures of 
analysis. The equations of static equilibrium are used to compute F in these 
procedures. Various deterministic calculation methods are in practice based on the 
characteristics of the slope material, the area of usage of the slope, the shape of the 
failure of the slope surface etc., There are several models developed by researchers 
and geotechnical engineers for assessing slope stability, like Bishop (1955), Janbu 
(1954), Lowe and Karafiath (1960), Spencer (1967) and Morgenstern & Price (1965) 
[4-8]. 
1.5. Limit Equilibrium methods 
In the present investigation, the concepts of reliability are applied in the calculation 
of the reliability indices, which measure the reliability by using the limit equilibrium 
technique of method of slices. 
The common features of the methods of slices have been summarized by Zhu et al., 
(2003) [9] as:  
 The sliding body over the failure surface is divided into a finite number of 
slices. The slices are usually cut vertically, but horizontal as well as inclined 
cuts have also been used by various researchers. In general, the differences 
between different methods of cutting are not major, and the vertical cut is 
preferred by most engineers at present. 
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 The strength of the slip surface is mobilized to the same degree to bring the 
sliding body into a limit state. That means there is only a single factor of safety 
which is applied throughout the whole failure mass. 
 Assumptions regarding inter-slice forces are employed to render the problem 
determinate. 
 The factor of safety is computed from force and/or moment equilibrium 
equations. 
In the conventional limiting equilibrium method, the shear strength τm which can be 
mobilized along the failure surface is given by:  
f
m
FS

    (1.5) 
where FS is the factor of safety with respect to the ultimate shear strength τf which is 
given by the Mohr–Coulomb relation as 
' ' tan 'f nc     or uc  (1.6) 
where c′ is the cohesion, σ′n is the effective normal stress, φ′ is the angle of internal 
friction and cu is the undrained shear strength.  
In the stability analysis, FS assumed to be constant along the entire failure surface. 
Hence, an average value of FS along the slip surface is obtained instead of the actual 
factor of safety which varies along the failure surface as in a progressive failure. The 
factor of safety is taken as the performance function while searching for the critical 
slip surface (i.e. with the minimum factor of safety) in slopes. 
1.5.1. Methods of Slices 
The limit equilibrium methods, when applied to slope stability in two dimensions, a 
general formulation can be obtained and all the common methods of finding factors 
of safety such as  
i. The Ordinary method 
ii. The Simplified Bishop method 
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iii. The Spencer method 
iv. The Janbu simplified and the Janbu generalized methods 
v. The Morgenstern-Price method 
In these methods, the elements of statics are used to derive the factor of safety. It takes 
into account the summation of forces in two directions, (here horizontal and vertical) 
and the summation of moments about a chosen point of rotation.  
These basics of theory of statics, along with the failure criteria, are insufficient to 
make the slope stability problem determinate. Hence, additional elements in regards 
to physics of the problem or an assumptions with respect to the direction or magnitude 
of the forces involved is required to make the problem determinate. 
Theoretical studies have shown that factor of safety equations can be independently 
derived to satisfy moment equilibrium and force equilibrium of the slices contained 
above an assumed slip surface (Fredlund and Krahn, 1977 [10]). In addition, an 
assumed functional relationship is used to specify the direction of the interslice forces. 
In view of the above, the published works on the reliability analysis of soil slopes is 
presented in the following chapter.   
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Chapter 2 
 
Review of Literature 
   
 
 Studies pertaining to soil variability  
Considerable variability in soil properties is inevitable, i.e. not just from site to site 
and stratum to stratum, but even within apparently homogeneous deposits at a single 
site. 
As discussed earlier, confidence in the values of soil properties used for design 
purposes is affected by a series of uncertainties arising from several sources such as: 
inherent random heterogeneity (also referred to as spatial variability), measurement 
errors, statistical errors (due to small sample) and the uncertainty in transforming the 
index soil properties obtained from soil tests into desired geotechnical properties. 
(Phoon and Khulhawy (1999) [11])  
The inputs to be given in the reliability analysis of slopes in addition to the general 
characteristics of the soil will be the means, standard deviations and the coefficient of 
variations of the parameters with which the uncertainty is associated. These are 
derived from the statistical analysis of experimental data and are mainly affected by 
the type of the soil and the conditions in which it exists. There are several works which 
give the range of values of means and COV’s for different parameters associated with 
soil. 
Laboratory test results on natural soils indicate that most soil properties can be 
considered as random variables conforming to the normal distribution function (Lumb 
(1966), Tan et al., (1993) [12,13]) 
Lambe and Whitman (1979) [14], suggested that variability often observed in 
comparatively homogenous soil formations. The bore hole profile of Mexico City 
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showed different kinds of clays present along its length the properties of which were 
are more or less uniform with depth but have coefficients of variation ranging from 
about 20% to as much as 50%, depending on the property.  
Many authors since then have published various works in which they have compiled 
reported coefficients of variation, which are used to quantify the variability, for a 
broad variety of soil properties. The ranges of these reported values are sometimes 
quite wide and can only be considered as suggestive of conditions on any specific 
project. The following are some of the works done on coefficients of variation for soil 
engineering test. 
The variation in angle of internal friction of sands was reported by Lumb (1974),Hoeg 
and Murarka (1974), Singh (1971) ,Schultze (1975) [15-18] etc. and can be 
summarized to have a COV in the range of 5-15%. 
The angle of friction in clays was studied by Lumb (1974), Singh (1971), Schultze 
(1975) [15, 17, 18] and it’s reported COV ranges from 12% to56% which is quite 
wide. 
The clay content and its COV were studied by Lumb (1974), Inges and Noble (1975), 
Minty et al., (1979), Corotis et al., (1975), Stamatopoulos and Kotzias (1975) [15,19-
22] etc, and is reported to have a range of 9-70% with a standard value of 25%. 
The cohesion of undrained sands and clays was studied by Lumb (1974) and Singh 
(1971) [15,17]. 
Apparent or true density was report to have a COV of 1-10% and was reported by 
Sherwood (1970) [23] among others. 
The unconfined compressive strength is reported to have a COV of 6-100% with a 
standard value of 40% as reported by Otte (1978), Morse (1971) and Stamatopoulos 
and Kotzias (1975) [24,25,22]etc. 
Seed and Idriss (1970) [26] presented an experimental data on the variation of shear 
modulus and damping ratio with cyclic strain amplitude, and used the data to develop 
their widely used modulus reduction and damping curves for sands and clays. 
Uncertainties in the modelling were studied by Ditlevsen (1982), Tang (1989), Der 
Kiureghian (1989) [37-39] who used statistical approach or consistent Bayesian 
updating for assessment of model uncertainty. 
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Harr (1987) and Phoon and Kulhawy (1999) [27,28] also reported on the 
characterization of geotechnical variability. 
Lacasse and Nadim (1996) and Wolff et al. (1996) [29,30] suggested that the 
probability density function for friction angle, φ, is normally distributed in sands. 
They also suggested that a lognormal pdf must be used for undrained shear strength, 
su, in clays, and that a normal probability density function be used for su in clayey 
silts. 
Lacasse and Nadim (1997) [31] presented a review of the uncertainties in 
characterizing soil properties, including spatial variability and measurement methods. 
They suggest the probability density function for unit weight is normally distributed 
for all soil types. 
Studies have also been conducted to investigate the effect of uncertainty of soil 
parameters on soil-structure interaction, its propagation to the response of structural 
and/or nonstructural systems by Chakraborty and Dey (1988) and Lutes et al (2000) 
[32,33] etc.    
Popescu et al., (1998) [34] gave the coefficients of variation, and correlation distances 
exhibited by the soil properties in the two cases, one of a natural soil deposit in the 
Tokyo Bay area, Japan and of an artificial island in the Canadian Beaufort Sea. 
Duncan (2000) [35] gave a rough guide for estimating values of COV for any given 
case. 
The effect of the variability of strength properties in improved soils was studied by 
Larsson (2005) [36] and is very high owing to variations in geology and the complex 
mixing processes. 
Eze et al., (2014) [40] gave the geotechnical characterization of samples of three 
lateritic sub-base soils along Ibadan-Oyo highway which were executed to establish 
the variability in properties of the soils. The COV of various parameters such as 
California Bearing Ratio (CBR), plasticity index, optimum moisture content (OMC), 
Specific gravity, activity etc. were given. 
All these studies stresses the importance of characterizing the uncertainties in the soil 
properties for design.  
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In the present study the parameters which are considered to be varying are the 
cohesion of the soil (c), the angle of internal friction (ϕ) and the unit weight of the soil 
(γ). Their results required for this study are summarized in Table 2.1. 
 
Table 2.1: Values of Coefficient of Variation (COV) for Geotechnical Properties 
Property  COV (%) Source 
Unit weight () 3–7% Harr (1984), Kulhawy (1992) 
Effective stress friction 
angle (') 
2–13% Harr (1984), Kulhawy (1992) 
Undrained shear strength 
(cu) 
13–40% 
Harr (1984), Kulhawy (1992), Lacasse and 
Nadim (1997), Duncan (2000) 
 
 Slope Stability 
Slope stability is one of the most important aspects of geotechnical engineering. There 
has been immense research in this field for decades which has given us many a 
literature in order to understand the mechanism of slope failures and their consequent 
behavior of interaction with the soil involved. 
In limit equilibrium analysis of slope stability, the soil involved in failure can be 
considered to be divide into several slices or can be treated as a wedge. For the purpose 
of this study, the method of slices is used to arrive at the factors of safety of the soil 
slopes, which will be later involved in the calculations of the reliability indices. 
There are several limit equilibrium methods that have been developed for the analysis 
of slope stability. The ones include in the study are discussed below. 
Fellenius (1936) [41] was the first to introduce the method, referred to as the ordinary 
or the Swedish method, for a circular slip surface for drained analysis considers only 
the global moment equilibrium and neglects all the internal force between slices. The 
left and right inter-slice forces are assumed to be equal and acting opposite of each 
other such that they cancel out and the base normal forces become known. The factor 
of safety can be obtained easily without the need of iteration analysis. It gives the 
most conservative values for the factor of safety (FSOMS) and is used mainly for 
demonstrative purposes. 
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 The Bishop Simplified method (1955) [4] is one of the most popular slope stability 
analysis methods which is used extensively worldwide. It is the first advanced method 
which introduces a new relationship for the base normal forces but neglects the 
interslice shear forces. This method satisfies only the moment equilibrium, where 
moment is taken as the center of the slip circle, but not the horizontal force equilibrium 
and it applies only for a circular failure surface. The factor of safety is given by  
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cos ii
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 
   
The computation requires an iterative procedure because of the nonlinear relationship 
as the factor of safety appears on both sides of the equation. 
The more rigorous form is the Bishop’s generalized method which considers both, the 
interslice normal forces as well as the interslice shear forces. 
At the same time, Janbu (1954a) [5] developed a simplified method for non‐circular 
failure surfaces, in which the potential sliding mass is divided into several vertical 
slices. Later, Morgenstern‐Price (1965), Spencer (1967) [8,7], and several others 
made further contributions with different assumptions for the interslice forces. 
In the derivation of the Janbu Simplified Method, the interslice shear forces are 
assumed to be zero the factor of safety is determined by horizontal force equilibrium 
(Janbu (1956) [42]). The Janbu Simplified Method thus satisfies the force equilibrium 
but no the moment equilibrium.  
The Janbu generalized method included the effect of interslice forces by making an 
assumption regarding the point of action of interslice forces which is generally 
assumed to center of the base of each slice. According to Janbu (1973 [43]), a state of 
limit equilibrium exists when the mobilized shear stress (τ) is expressed as a fraction 
of the shear strength. In this study the simplified method was used. 
Hence, the factor of safety by Janbu’s Simplified Method is calculated using the 
equation  
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Spencer (1967) [7] proposed an analysis in which the factor of safety is computed for 
both equilibriums and a constant relationship is assumed between the magnitude of 
the interslice shear and the normal forces  
 tan
X
E
  (2.3) 
where δ = angle of the resultant interslice force with the horizontal. 
Hence the Spencer method considers both the interslice forces, assumes a constant 
interslice force function, and satisfies both moment and force equilibrium, and 
computes factor of safety for force and moment equilibrium iteratively till they 
converge. 
The Morgenstern-Price (1965) [8] originally gives the factor of safety forces 
tangential and normal to the base of a slice and the summation of the moments about 
the center of the base of each slice. These equations which were written for a slice of 
infinitesimal thickness, were combined and a modified Newton-Raphson numerical 
technique was used to solve for the FS. Any arbitrary assumption can be made with 
respect to the direction of the resultant of the interslice and normal forces in order to 
arrive at the solution. 
Slope stability analysis have since then been improved upon by the addition of robust 
search techniques which are very efficient in calculating the location of the critical 
slip surfaces using various optimization techniques. 
Fredlund and Krahn (1977) [10] presented a 'best-fit regression' solution for solving 
the Morgenstern-Price method, which is readily comprehended giving a complete 
understanding of the variation of the factor of safety with interslice force factor λ. 
16 
Fredlund (1981) [44] states how the different method of slices can be considered as a 
subset of the General Limit Equilibrium method. 
Fredlund (1984) [45] used the variational calculus method to directly compute the 
most critical slip surface. 
Yamagami and Ueta (1988), Farias and Naylor (1998), Zou and Williams (1995) [46-
48] etc., developed some technical algorithms for locating the critical slip surfaces 
associated with the FS. 
Greco (1996) [49] reported a search technique for the critical slip surface in slope-
stability analysis by means of a minimization of the FS. Monte-Carlo method for 
locating the critical slip surface is also presented in the study. 
Malkawei et al., (2001) [50] gave the robust and effective optimization techniques 
using Monte- Carlo Simulations to solve problems that involve extremely 
complicated slope geometry. 
Zhu et al., (2001, 2005[54,55]) gave an algorithm to for the calculation of the factor 
of safety of a slope using the Morgenstern–Price method which has the advantages of 
simplicity and efficiency and easy to implement into a computer program. 
Cheng et al., (2007 and 2008 [51,52]) used particle swarm optimization and artificial 
fish swarm optimization to find the location of the slip surfaces. 
Van der Meij and Sellmeijer (2010) [53], presented an alternative genetic algorithm 
which eliminates the need of grid search technique for finding the critical slip surface. 
Cheng et al., (2010) [56] evaluates the interslice force function by eliminating the 
need for assumptions made in to different methods which give different factors of 
safety to the same problem. 
 Studies pertaining to Reliability based slope stability  
As Duncan stated, reliability calculations provide a means of evaluating the combined 
effects of uncertainties and a means of distinguishing between conditions where 
uncertainties are particularly high or low. The reliability of a slope is the probability 
that the slope will remain stable under specified design conditions. Christian et al., 
(1994), Tang et al., (1995), Duncan (2000) [57,58,35] and others have described 
examples of the use of reliability for slope stability. 
The results of simple reliability analyses are neither more accurate nor less accurate 
than factors of safety calculated using the same types of data, judgments, and 
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approximations. Although neither deterministic nor reliability analyses are precise, 
they both have value, and each enhances the value of the other.  
Once the range of uncertainties associated with the varying parameters are known, 
there are several ways to approach the reliability analysis based on the method in 
which the level of probability and the way the reliability index is calculated. Some of 
the studies are summarized below. 
Wu and Kraft (1970) [59] were amongst the first to incorporate reliability with slope 
stability. Uncertainties from various publications were used to calculate the 
probability of failure using conventional methods. Statistical decision theory was used 
to obtain the optimum safety factor and the expected cost. 
Yong et al. (1977) [60] used the method of slices, in conjunction to reliability, in 
which, the different sources of error have been incorporated into a first-order 
probability analysis of the simplified Bishop model in order to arrive at quantitative 
information concerning the probability of failure. 
Li and Lumb (1987) [61] discussed the advantaged of the Hasofer-Lind reliably index 
(βHL) approach. The authors highlighted the importance of the correlation structure of 
soil properties and its effect on the reliability index βHL. 
Oka and Wu (1990) [62] stated that in stability problems, the failure probability 
associated with the critical slip surface is known to be smaller than that for the system 
that comprises all potential slip surfaces. Calculation were made for Congress Street 
cut, in Chicago to differentiate this reliability and it was observed that the probability 
failure of the system is twice that of the probability of failure of the critical slip 
surface. 
Chowdary and Xu (1995) [63] addressed the system reliability for inexplicit and non-
linear performance functions as well as for linear and explicit ones. It is shown that 
the upper bound system failure probability is higher than the failure probability 
associated with a critical slip surface. The difference increases as the coefficient of 
variation of the shear strength parameters increases. 
Hassan & Wolff (1999) [64] proposed an algorithm to search for the minimum 
reliability index for soil slopes. The existing deterministic slope stability programs 
were utilized. Using specific combinations of soil parameter values, searches were 
conducted for the critical surfaces. It was determined that the critical probabilistic 
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surface was found to, in general, coincide with that obtained by setting one dominant 
parameter to a low value.  
Malkawi and Abdulla (2000) [65] used the first-order second-moment method 
(FOSM) and Monte Carlo simulation method (MCSM) of measuring uncertainty 
associated with the cohesion of the soil c, the angle of internal friction ϕ and the unit 
weight of the soil (γ) for the reliability analysis of the soil slopes, and compared their 
values to those obtained by the method of slices mentioned previously. Conclusion 
were made regarding the relative difference between the reliability indices obtain by 
FOSM and MCSM methods and their dependence on the method of slices used.  
El-Ramly et al., (2002) [66] gave the probabilistic analysis of the dykes of the James 
Bay hydroelectric project in spreadsheet form using MCSM. The results are compared 
with those obtained using the FOSM and the deficiencies of simple probability 
analysis are pointed out. 
Low (2003) [67] implemented Spencer’s method of slices with varying side force 
inclination for probabilistic approach to slope stability. Noncircular critical slip 
surfaces were determined using spreadsheet-automated constrained optimization.  
Bhattarcharya et al., (2003) [68] proposed a numerical procedure for locating the 
surface of minimum reliability index for earthen slope which utilizes an existing 
deterministic slope stability algorithm with the addition of a simple module for the 
calculation of the reliability index. 
Xue and Gavin (2007) [69] gave a method to calculate the minimum reliability index 
with the uncertainty associated with the soil properties. The determination of the 
reliability index using FOSM and Hasofer-Lind reliability Index and associated slip 
surface is formulated as a nonlinear programming problem and solved using an 
efficient genetic algorithm for slope stability analysis (GASSA) environment. The 
results of the method are compared to existing reliability approaches applied to case 
histories of slope failures from the geotechnical literature and was found to be 
consistent and reasonable. 
In order to eliminate the cumbersome calculation involved in determining the 
reliability indices by FOSM when the performance function are implicit, Zhao (2008) 
[70] presented a support vector machine (SVM)-based reliability analysis method 
which combines the SVM with the FOSM. The SVM method uses a small set of the 
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actual values of the performance functions to approximate the implicit performance 
functions, thus arriving at SVM-based explicit performance functions. The method 
was compared to the examples compared in the literature and was determined to be a 
good way to approach is implicit performance functions based reliability analysis of 
slope. 
Cho (2009) [71] presented a numerical procedure for integrating a commercial finite 
difference method into a probabilistic analysis of slope stability using an artificial 
neural network (ANN)-based response surface. The limit state function which is 
implicit, thereby reducing the number of stability analysis calculations. A trained 
ANN model is used to calculate the probability of failure through the first- and 
second-order reliability methods and a Monte Carlo simulation technique. 
Bhattacharya and Dey (2010) [72] coupled FORM with the Ordinary Method of 
Slices for evaluation of factor of safety. Numerical example problems are presented 
which are solved using both FORM and Mean-Value First-Order Second-Moment 
method (MVFOSM) based on the Taylor series expansion of the factor of safety and 
the results compared to enable to conclude that the effect of the distributions used to 
define the variability of the parameters on the reliability indices is very significant. 
Wang et al., (2010) [73] developed a probabilistic failure analysis approach that 
makes use of the failure samples generated in MCS and analyzes these failure 
samples to assess the effects of various uncertainties on slope failure probability. 
Griffiths et al., (2011) [74] developed a method to analyze infinite slopes using 
probability methods which can be applied to landslide conditions. It demonstrates how 
‘‘first order’’ methods that may not properly account for spatial variability can lead 
to un-conservative estimates of the probability of slope failure. 
  Observations from the review of the literature 
Review of the literature clearly indicates a fact that no observations on how the critical 
centres and the critical slip surfaces change with change in the co-efficient of variation 
of the parameters involved and their effect on the value of reliability index (β) as a 
combination. 
Also, in each of the studies, the reliability indices have been mentioned for a few 
example problems which leaves a range of values of the variable parameters 
unexplored. Therefore, the present study has been focussed on to develop an analytical 
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study to combine the method of slices and FORM to develop a methodology to 
compute reliability indices. Perhaps this is the first analytical study to propose a 
formulation which computes the factors of safety as well as reliability indices. 
Therefore, the efforts have been made in this direction. The objectives and scope of 
the present investigation are presented in the next section. 
 Objectives of the present study 
In view of the above, the objectives of the present study are summarized as: 
a) The formulation of factors of safety computed using various methods of slices 
using MATLAB 
b) The determination of reliability indices using target based reliability approach 
(Bash and Babu (2010) [2]) using various methods of slices considering the 
variability associated with the soil parameters, i.e. cohesion of the soil (c), the 
angle of internal friction (ϕ) and the unit weight of the soil (γ) 
c) Determination of the influence of the geometric properties of the soil slope i.e, 
the height and the angle the slope makes with the horizontal on the values of 
the reliability indices 
d) To observe the changes in the positions of the critical centers and slip surfaces 
associated with critical factors of safety and reliability indices. 
e) To assess the changes in way the critical slip surfaces are formed with varying 
values of the uncertainties of soil parameters as well as the geometric 
parameters. 
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Chapter 3 
 
Formulation of Optimization 
Methodology 
   
 
 Methods of Slices 
The most commonly used method of slices to determine the factors of safety of slopes 
are 
i. The Ordinary method 
ii. The Simplified Bishop method 
iii. The Spencer method 
iv. The Janbu simplified method 
v. The Morgenstern-Price method 
 Factor of Safety 
In the limit equilibrium methods, the elements of statics are used to derive the factor 
of safety. It takes into account the summation of forces in two directions, (here 
horizontal and vertical) and the summation of moments about a chosen point of 
rotation. 
The factor of safety for slope stability analysis is usually defined as the ratio of the 
ultimate shear strength divided by the mobilized shear stress at incipient failure. There 
are several ways in formulating the factor of safety FS. The most common formulation 
for FS assumes the factor of safety to be constant along the slip surface, and it is 
defined with respect to the force or moment equilibrium: 
1. Moment equilibrium: generally used for the analysis of rotational landslides. 
Considering a slip surface, the factor of safety FSm defined with respect to moment is 
given by: 
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r
m
d
M
FS
M
  (3.1) 
where Mr is the sum of the resisting moments and Md is the sum of the driving moment. 
For a circular failure surface, the center of the circle is usually taken as the moment 
point for convenience.  
2. Force equilibrium: generally applied to translational or rotational failures 
composed of planar or polygonal slip surfaces. The factor of safety FSf defined with 
respect to force is given by: 
r
f
d
F
FS
F
  (3.2) 
 
 
Figure 3.1: Geometry showing the parameters used and moment arms for circular slip 
surface  
where FSr is the sum of the resisting forces and FSd is the sum of the driving forces. 
 Derivation of the Factor of Safety 
The following are the notations for the variables associated with each slice and shall 
be used throughout the study in conjunction with the parameters defines before. 
N = the total normal force on the base of a slice  
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T = the shear force mobilized on the base of each slice 
E = the horizontal interslice normal forces 
X = the vertical interslice shear forces 
hoff = the horizontal distance from the centroid of each slice to the center of rotation 
(as shown in Fig. 3.1) 
θ = the angle between the tangent to the center of the base of each slice and the 
horizontal.  
The notations ‘i’ are as same as used before to compute the factor of safety i.e. from 
right to left in the direction of failure which is also the direction in which the 
interslice function will be applied. 
The distribution of the inclination of the inter-slice forces within the sliding mass is 
defined through a function f(xi) and a scalar coefficient λ as: 
( )i i
i
X
f x
E
   (3.3) 
In the above equation xi is the abscissa of the i
th slice of the slope, f(xi) describes the 
variation of the inter-slice shear (Xi) and normal (Ei) forces across the slope; the 
coefficient λ represents the percentage of f(xi) used in the solution. 
Imposing horizontal force (f) and moment (m) equilibrium of the whole soil mass 
and solving for the factor of safety, the following two equations can be derived: 
,lim
1 1
1 1
( tan ) cos
sin
n n
i i i i
i i
f n n
i i i
i i
T cdl N
FS
T N
 

 
 
 
 
 
 
 (3.4) 
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 (3.5) 
where  
i
off ih  = R sin  (3.6) 
 
 
 
Figure 3.2: The forces acting on a slice 
Now considering the equilibrium of an individual slice, the magnitude of the shear 
force mobilized at the base of a slice, Ti can be written in terms of the Mohr-
Coulomb failure criterion as 
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( tan )fi i i
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dl c dl
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FS FS
  


    (3.7) 
where τi and τfi are the shear stress and shear stress at failure for the ith slice. 
also, 
iN
dl
     (3.8) 
Which gives 
tani i i
i
cdl N dl
T
FS

   (3.9) 
Considering force equilibrium in the vertical direction we get 
1 cos sin 0i i i i i i iw X X N T       (3.10) 
Substituting the value of Ti in the above equation and solving for Ni ,we get, 
1
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tan sin
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i i
i i i
i
i
i
cdl
w X X
FSN
FS

 

  


 (3.11) 
Now, consider the equilibrium of the slice in the horizontal direction, we get 
1 sin cos 0i i i i i iE E N T       (3.12) 
1 sin cosi i i i i iE E N T     (3.13) 
All the above equations are then collectively used to determine the factor of safety 
FS which satisfies either one or both, the moment and force equilibrium based on 
the method being followed. 
  
26 
 Inter-slice force function 
The inter-slice shear force X is assumed to be related to the inter-slice normal force 
E by the relation  
X = f(x) E  (3.14) 
where, λ is an unknown scaling factor that is solved for as part of the unknowns, and 
ƒ(x) is an assumed function that has prescribed values at each slice boundary. There 
is no theoretical basis to determine f(x) for a general problem, as the slope stability 
problem is statically indeterminate by nature.  
 Ordinary Method of Slices 
The ordinary method of slices is the most popular and simplest method for 
determining the factor of safety of a slope. It considers a circular slip surface which 
is divide into n number of vertical slices and uses moment equilibrium about the center 
of the slip surface to calculate the factor of safety. The interslice forces and normal 
forces are ignored. 
The expression for FSOMS in this method is  
( cos tan )
sin
i i i
OMS
i i
cdl W
FS
W
 





 (3.15) 
where c = cohesion of soil 
ϕ = angle of internal friction of soil 
γ = unit weight of soil 
H = height of the slope and  
α = the angle the slope makes with the horizontal. 
Wi = is the weight of i
th slice = γ b zi 
b = base length of each slice 
dli = length along slip surface of i
th slice = b sec θi 
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zi = average height of i
th slice 
θi = the inclination of the base of the slice measured between the base of the slice and 
the horizontal 
The MATLAB program which implements this method to find FSOMS was created by 
considering the toe as the origin (0, 0) for the entire slope geometry. The inputs 
include the center of the circular slip surface for which the FS has to be calculated 
(xo,yo), the geometric parameters H and α, the soil properties γ, c and ϕ and the number 
of slices, n the user wants to divide the slip surface into. The geometry and various 
parameters used are as shown in Figure 3.3. 
The crest point (p,q) can be calculated using 
cotp H    (3.16) 
q H   (3.17) 
 Figure 3.3: Geometry and parameters used for the calculation of factor of safety 
This makes the equation of the slope as 
q
y x
p
  (3.18) 
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Thus knowing the radius of the slip surface, the general equation of the circle can be 
given as 
2 2 2( ) ( )o ox x y y R     (3.19) 
To find the entry point we initially substitute the ground level i.e y = 0 in eq.(3.19). 
we get 
2 2
1 o ox x R y    (3.20) 
2 2
2 o ox x R y    (3.21) 
Three cases arise: 
a) If both 1x and 2x  are less than zero, the slip circle doesn’t cut the slope. 
b) If 1 0x  and 2 0x  , the entry point is 1( ,0)x  
c) If both 1x and 2x  are greater than zero, the entry point is along the slope. 
In case of c, the equation of the circle and the equation of the slope are solved 
simultaneously and get two x-coordinates, say 1xx  and 2xx  which are as follows 
2
1
4
2
m m lk
xx
l
  
  (3.22) 
2
2
4
2
m m lk
xx
l
  
  (3.23) 
where 2( )o o
q
m x y
p
    
2
2
1
q
l
p
   
2 2 2
o ok x y R    
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If  
1) 1xx  and 2xx  are imaginary, the circle doesn’t cut the slope 
2) 1 0xx  and 2 0xx  , the entry point is 1 1( , )xx yy and the exit point is 2 2( , )xx yy
where 
1 1
q
yy xx
p
  (3.24) 
2 2
q
yy xx
p
  (3.26) 
3) 1xx >0 and 2xx >p, entry point is 1 1( , )xx yy where 
1 1
q
yy xx
p
  (3.27) 
For easy understanding the entry point is referred to as 1 1( , )p q further on. 
In exception to case 2, the exit point yet to be determined for cases b and 3. 
In order to find the exit point we substitute the crest level i.e. y q in eq.(3.19) . We 
get 
2 2
3 ( )o ox x R q y     (3.28) 
2 2
4 ( )o ox x R q y     (3.29) 
As 3 4x x  the defining point will be x4 and determines the exit point. If 3 4x x , the 
circle cuts the crest i.e., 4( , )x H . 
For easy understanding the exit point is referred to as 2 2( , )p q further on. 
Now the distance between entry 1 1( , )p q and exit ( 2 2( , )p q has to be divided into n 
slices each of width b given as  
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2 1
p p
b
n

  (3.31) 
The x co-ordinates of the ith slice on the slip surface xi can be found using 
2ix p ib   (3.32) 
We can substitute these xi’s in eq.(3.19) to get corresponding yi’s such that yi < q (as 
they should lie within the geometry of the slope) 
To determine the heights of each slice, an additional parameter h1i is used such that if
i0 < x < p , then  
1i i
q
h x
p
  (3.33) 
else  
21ih q  (3.34) 
 
Figure 3.4: The parameters for the ith slice 
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Thus heights of slices can be determined as  
1i i ih h y   (3.35) 
The area of each slice can then be determined using 
1
1
( )
2
i i iz h h   (3.36) 
i ia bz  (3.37) 
The weights are given by  
i iW bz  (3.38) 
The inclinations of each slice θi are calculated using 
1 1
1
tan i ii
i i
y y
x x
  

 
  
 
 (3.39) 
Hence all the parameters for the geometry and the slices (Fig.3.4) are determined 
and the factor of safety is then calculated using eq.(3.15). 
  Grid and Radius search technique  
In order to find the global critical factor of safety, a range of areas which will cover 
several points and different radii has to be generated. One of the ways to do this is to 
use the Grid and Radius method of search as in GeoStudio. The idea is to create a 
grids which cover the possible positions of the centre and radii of the slip surfaces, 
divide them into desired number of parts and search each possibility. The co-
ordinates of these grids are given manually in the initial stages. 
Grid: For the grid, say (x1,y1), (x2,y2), (x3,y3) and (x4,y4) are the top left, bottom left, 
bottom right and top left co-ordinates respectively as shown in Figure 3. If nl and nb 
are the number of parts the grid has to be divided into lengthwise and breadthwise 
respectively, then the co-ordinates of various points on the grid can be given as a 
combination of xi ‘s and yi ‘s as follows. 
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 i 1 lx x ( 1)i m    (3.40) 
 i 1 b( 1)y y i m    (3.41) 
Where i shall vary from 1 to nl+1 for xi and 1 to nb+1 for yi and ml and mb are as 
follows 
4 1
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x x
m abs
n
 
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 (3.42) 
4 3
b
b
y y
m abs
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 
  
 
 (3.43) 
Radius: The radius grid is generated similarly as (X1, Y1), (X2, Y2), (X3, Y3) and 
(X4, Y4) and is divided into nr parts breadthwise as shown in Figure 3.4. The sides of 
the grid are assumed to be at an angle so as to provide some diversification in the 
calculation of the radius values. The corresponding co-ordinates along the both 
breadths are then joined to make lines. The radius of the slip circle will be the 
perpendicular distance to this line from the centre under consideration. This can be 
determined as follows 
1 2
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r
Y Y
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n
 
  
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 (3.45) 
4 3
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 (3.46) 
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1
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 (3.47) 
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  (3.48) 
2
2
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d
  (3.49) 
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 1 2 1( 1)ixx X i nx    (3.50) 
 1 3 1( 1)iyy Y i ny    (3.51) 
 2 3 1( 1)ixx X i nx    (3.52) 
 2 3 2( 1)iyy Y i ny    (3.53) 
2 1
2 1
i i
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i i
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m
xx xx

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
 (3.54) 
3 4
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3 4
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 
  
 
 (3.56) 
 
Figure 3.5: The grid for centers 
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1 1i i i icc yy m xx   (3.57) 
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 (3.58) 
The individual combinations of the points of the grid and their corresponding radii are 
calculated and fed into the above program to get the individual factors of safety. Once 
 
Figure 3.6: The grid for radius  
the factors for a single point and different radii combination is calculated, the least of 
these values will be assigned as a value to the position in a matrix which constitutes 
FSOMS’s equal to the point co-ordinates.  
This will thus result in a matrix, FSOMS which has the minimum values of factor of 
safety corresponding to the points of the grid as shown in Figure 3.7. 
Whenever the given center and point combination fails to touch the slope, as in cases 
(a) and (1) as stated previously, is taken as a non-feasible value. 
The minimum value among the entire matrix FSOMS, which is the critical factor of 
safety, is then identified and its position determined, from which we can calculate the 
co-ordinates of the point. 
Hence, given the grid for the centers and the grid for the radii of the slip circles, the 
critical factor of safety can be calculated. 
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 Bishops’ Simplified Method of Slices Using Grid and Radius 
The Modified (or Simplified) Bishop's Method proposed by Alan W. Bishop (1995) 
[4] is a method for calculating the stability of slopes. It is an extension of the Method 
of Slices. By making some simplifying assumptions, the problem becomes statically 
determinate and suitable for hand calculations. The assumption made is forces on the 
sides of each slice are horizontal. 
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*NF – Not feasible 
Figure 3.7: The matrices showing the critical factors of safety for Ordinary method of slices 
and Bishop’s simplified method for corresponding points in user defined centre grid (a 10 by 10 
grid was used for ease of viewing) 
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The expression for factor of safety in this method (without accounting to pore water 
pressure is  
cos tan
sin
i i i
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i i
cdl W
m
FS
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 

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 
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

 (3.59) 
where  
sin tan
cos ii
Bishop
m
FS
 
   
The other parameters are same as before. 
In order to calculated FSBishop, as it is present on both sides of the equation, an iterative 
search technique was be used with an initial guess value. The starting value as per 
Rickard and Sitar (2001) [75] was recommended as 1.2x FSOMS. 
This initial guess value was used and the Newton Raphson Iteration technique was 
used to obtain the FSBishop, once FSOMS was calculated. This lead to satisfactory 
results.    
However, various examples were tested with varying initial guess values of FSOMS, 
1.025xFSOMS, 1.05xFSOMS, 1.1xFSOMS and 1.2xFSOMS.Error between the GeoStudio 
values and the MATLAB program were calculated and were least and efficient in the 
case of 1.05x FSOMS. Hence, this was deemed to be a good initial guess value and the 
calculation of FSBishop was proceeded with.  
Thus with an initial guess of 1.05xFSOMS and an allowable error of 10-7, the FSBishop, 
for each corresponding FSOMS was calculated and matrices, FSBishop (Figure 3.8) and 
RBishop are obtained. 
 Generalization of the Grid points for Centre and Radius 
In an effort to generalize the co-ordinates of the grids for radius and centres, so that they can 
be applied to any given problem, the initial search areas used for some examples which were 
in accordance to GeoStudio, were converted in terms of p and H. 
The guidelines given in Duncan & Wright (2005) [76] as to the search areas for critical centre 
and the radius, were kept in mind and the grid points were generalized as follows. 
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Figure 3.8: The matrices showing the radii of critical factors of safety for Ordinary method of 
slices and Bishop’s simplified method for corresponding points in user defined centre grid (a 10 
by 10 grid was used for ease of viewing) 
For the centre grid, 
1 3.5x p H   (3.60) 
1 5y H  (3.61) 
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2 1x x  (3.62) 
2y H   (3.63) 
3 2x p H   (3.64) 
3 2y y  (3.65) 
4 1 3 2( )x x x x    (3.66) 
4 3 1 2( )y y y y    (3.67) 
For the radius grid, 
1 0.667X H   (3.68) 
1 0Y   (3.69) 
2 3Y H   (3.70) 
2 1 21.5 tan(20)X X Y   (3.70) 
3 0.5Y H  (3.72)  
4X p  (3.73) 
4Y H  (3.74) 
3 4 33 tan(70)X X Y   (3.75) 
This generalization was proven to be very efficient when tested with additional 
examples. 
And hence, the grid points were generalized successfully and the critical factor of 
safety and radii matrices are obtained as shown in Figure 3.10 and Figure 3.011 
respectivel 
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NF NF NF NF NF NF NF NF NF NF NF
NF NF NF NF NF NF NF NF NF NF NF
NF NF NF NF NF NF NF NF NF NF NF
1.823 1.745 1.676 1.616 1.570 1.543 NF NF NF NF NF
2.286 2.151 2.026 1.912 1.809 1.718 1.643 1.595 1.603 1.746 1.978
2.027 1.944 1.863 1.787 1.715 1.647 1.585 1.532 1.495 1.611
2.173 2.118 2.067 2.021 1.980 1.947 1.924 1.918 1.941 2.026 2.110
2.479 2.454 2.437 2.427 2.429 2.448 2.491 2.574 2.728 2.643 3.121
2.916 2.931 2.959 3.005 3.076 3.182 3.344 3.597 4.020 4.822 6.859
4.489 4.592 4.739 4.94
1.494
8 5.248 5.694 6.397 7.546 9.830 15.721 54.001
8.729 9.303 10.126 11.365 13.183 16.286 22.825 38.444 NF NF NF
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NF NF NF NF NF NF NF NF NF NF NF
NF NF NF NF NF NF NF NF NF NF NF
NF NF NF NF NF NF NF NF NF NF NF
1.833 1.757 1.689 1.632 1.587 NF NF NF NF NF
2.296 2.162 2.039 1.928 1.826 1.738 1.668 1.625 1.639 1.786 2.030
2.054 1.973 1.897 1.825 1.758 1.696 1.643 1.60
1.563
1 1.580 1.605 1.758
2.228 2.179 2.135 2.098 2.067 2.047 2.042 2.060 2.119 2.260 2.476
2.577 2.563 2.558 2.564 2.586 2.631 2.709 2.841 3.070 3.109 3.789
3.075 3.108 3.158 3.232 3.339 3.493 3.721 4.072 4.653 5.747 8.504
4.731 4.869 5.060 5.326 5.706 6.266 7.147 8.593 11.477 18.986 55.351
9.192 9.855 10.805 12.231 14.334 17.934 25.537 43.881 NF NF NF
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Figure 3.9: The matrices showing the critical factors of safety for Ordinary method of slices 
and Bishop’s simplified method for corresponding points in the generalized centre grid (a 10 by 
10 grid was used for ease of viewing) 
Thus, a MATLAB program was written which will give us the critical factor of 
safety using OMS and Bishop’s methods given the characteristic soil properties and 
the geometrical properties of a homogeneous soil slope. 
 Normalization with respect to H 
c/γH is the stability number and is a quantity popularly used to in the stability analysis 
of slopes. Dividing both FSOMS and FSBishop will change the expressions as 
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follows
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But, 
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 (3.79) 
It is clear that by simply dividing the entire geometric system with the height H, the 
change of the parameter c/γH can be observed with respect to change in other 
quantities. The code was modified accordingly and the results were calculated. 
 Janbu’s Simplified Method 
Janbu is a general method of slices developed on the basis of limit equilibrium and 
was first presented by Janbu (1954) [5]. It is required to satisfy the equilibrium of 
forces and moments acting on individual blocks or slices (only moment equilibrium 
at last uppermost slices is not satisfied).  
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In Janbu simplified method, the interslice shear forces are assumed to be zero (i.e. 
λ=0) but the normal forces are taken into consideration (Janbu et al, 1956) [42]. The 
normal force equation will now be same as before but with the interslice shear forces 
set to zero. The horizontal force equilibrium equation is then considered to calculate 
the factor of safety.  
Then an empirical correction factor is multiplied by the computed factor of safety in 
an attempt to account for the effect of the interslice shear forces. The empirical 
correction factor is related to the shear strength properties and the shape of the slip 
surface. Moment equilibrium is not satisfied. 
NF NF NF NF NF NF NF NF NF NF NF
NF NF NF NF NF NF NF NF NF NF NF
NF NF NF NF NF NF NF NF NF NF NF
1.810 1.731 1.659 1.597 1.546 1.515 NF NF NF NF NF
2.275 2.138 2.011 1.895 1.788 1.693 1.613 1.557 1.557 1.713 1.958
2.007 1.921 1.839 1.761 1.686 1.614 1.548 1.490 1.447 1.612
2.135 2.077 2.023 1.972 1.925 1.885 1.853 1.834 1.842 1.908 1.996
2.413 2.382 2.357 2.337 2.326 2.328 2.348 2.398 2.501 2.388 2.776
2.808 2.810 2.821 2.847 2.890 2.959 3.065 3.235 3.517 NF NF
4.275 4.346 4.449 4.598 4.813
1.443
5.130 NF NF NF NF NF
8.182 NF NF NF NF NF NF NF NF NF NF
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Figure 3.10: The matrices showing the critical factors of safety for Janbu’s Simplified Method 
for corresponding points in the generalized centre grid (a 10 by 10 grid was used for ease of 
viewing) 
Here, no correction factor is applied and the Janbu’s Simplified Method results are 
reported without any correction towards the influence of the interslice forces. 
Hence, the factor of safety by Janbu’s Simplified Method is calculated using the 
equation  
,lim
1 1
1 1
( tan ) cos
sin
n n
i i i i
i i
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i i i
i i
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 (3.80) 
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where, 
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 Spencer Method 
Spencer (1967) [7] proposed an analysis in which a constant relationship is assumed 
between the magnitude of the interslice shear and the normal forces 
tan
X
E
  (3.81) 
where δ = angle of the resultant interslice force with the horizontal 
The above equation is similar to the generalized interslice equation in which f(x) is 
equal to 1; then λ is equal to tan δ.  
Originally Spencer summed the forces perpendicular to the interslice forces to 
derive the normal force equation but the same can also be done by summing the 
forces in the horizontal and vertical directions. He derived two factor of safety 
equations, one of which satisfies the force equilibrium. These equations are 
fundamentally same as the one’s proposed in the limit equilibrium method when the 
interslice force function is a constant. 
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In order to solve for Spencer method according to Nash (1987) [77], we initially set ,  
Xi- Xi-1= 0. The equations of FSSpencer,f  and FSSpenceer,m are then calculated to obtain a 
first set. Also for the first slice, Xi is equal to 0. Then a trial value of δ to obtain new 
estimates for the values of X and E. Having these values in hand FSSpencer,f and 
FSSpencer,m are recalculated to obtain the new estimates of the factors of safety. This 
computation is then repeated until the values of the interslice force function converge. 
NF NF NF NF NF NF NF NF NF NF NF
NF NF NF NF NF NF NF NF NF NF NF
NF NF NF NF NF NF NF NF NF NF NF
1.832 1.756 1.688 1.630 1.586 NF NF NF NF NF
2.295 2.161 2.038 1.926 1.825 1.737 1.666 1.623 1.637 1.785 2.031
2.054 1.973 1.896 1.824 1.757 1.695 1.642 1.60
1.561
1 1.581 1.606 1.766
2.228 2.179 2.135 2.097 2.067 2.047 2.042 2.060 2.119 2.262 2.480
2.576 2.563 2.558 2.564 2.586 2.630 2.708 2.841 3.070 3.109 3.789
3.074 3.107 3.158 3.232 3.339 3.493 3.721 4.071 4.651 5.744 8.502
4.731 4.869 5.060 5.326 5.705 6.265 7.145 8.591 11.474 NF NF
9.192 9.855 10.804 12.230 14.333 17.933 NF NF NF NF NF
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
Figure 3.11: The matrices showing the critical factors of safety for Spencer Method for 
corresponding points in the generalized centre grid (a 10 by 10 grid was used for ease of 
viewing) 
The values of FSSpencer,f  and FSSpenceer,m are which are obtained are not necessarily 
equal. If FSSpencer,f ≠ FSSpencer,m means that the moment and force equilibrium aren’t 
satisfied simultaneously. Hence the computation must be repeated with various trial 
values of δ until FSSpencer,f and FSSpencer,m . When the convergence is obtained, that 
value is then taken as the factor of safety FSSpencer for the slope. 
 Morgenstern-Price Method 
Morgenstern and Price (1965) [8] obtained the factor of safety using the summation 
of forces tangential and normal to the base of a slice and the summation of the 
moments about the center of the base of each slice. The equations which were 
written for a slice of infinitesimal thickness, were combined and a modified 
Newton-Raphson numerical technique was used to solve for the safety factor. An 
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arbitrary assumption is required to be made with respect to the direction of the 
resultant of the interslice and normal forces in order to arrive at the solution.  
The Morgenstern-Price procedure assumes that the shear forces between slices are 
related to the normal forces in many ways depending on the preference of the user. 
In this method, f(xi), which describes the variation of the inter-slice shear (Xi) and 
normal (Ei) forces across the slope can be assumed to be a constant or a geometrical 
function as shown in the figure. 
 
Figure 3.12: The interslice force function as it varies along the base of the slip surface 
As stated by Duncan [80], in the original formulation of the Morgenstern and Price, 
stresses were integrated across each slice assuming that f(x) varied linearly across 
the slice. This implicitly fixed the distribution of the normal stresses, including the 
location of the normal force on the base of the slice. In recent implementations, 
discrete formulations are used for slices and the location of the normal force has 
been assumed. Typically, it is assumed to act at the midpoint of the base of the slice 
or at a point on the base of the slice that is directly below the center of gravity. 
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45 
1
,
1
( tan )
i
n
i i
i
MP m n
i off
i
cdl N R
FS
w h







 (3.85) 
The unknowns that are solved for in the Morgenstern and Price procedure are the 
factor of safety FSMP, the scaling parameter λ, the normal forces on the base of the 
slice (N), the horizontal interslice force (E), and the location of the interslice forces 
(line of thrust). The vertical component of the interslice force, X, is known from the 
interslice relation; that is, once the unknowns are calculated using the equilibrium 
equations, the vertical component of the interslice forces is calculated from the 
independent equation. 
NF NF NF NF NF NF NF NF NF NF NF
NF NF NF NF NF NF NF NF NF NF NF
NF NF NF NF NF NF NF NF NF NF NF
1.828 1.751 1.683 1.625 1.580 NF NF NF NF NF
2.292 2.157 2.034 1.922 1.820 1.731 1.660 1.616 1.630 1.777 2.023
2.049 1.968 1.891 1.819 1.751 1.689 1.636 1.59
1.555
4 1.573 1.598 1.757
2.222 2.173 2.129 2.091 2.061 2.041 2.035 2.053 2.112 2.255 2.477
2.571 2.557 2.552 2.558 2.579 2.624 2.701 2.834 3.063 3.104 3.787
3.068 3.NF5 3.151 3.225 3.331 3.485 3.713 4.063 4.643 5.736 8.489
4.723 4.861 5.051 5.317 5.695 6.255 7.134 8.578 11.459 18.957 NF
9.182 9.845 10.794 12.219 14.320 17.918 25.518 NF NF NF NF
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Figure 3.13:  The matrices showing the critical factors of safety for Morgenstern Price Method 
for corresponding points in the generalized centre grid (a 10 by 10 grid was used for ease of 
viewing) 
In this study the interslice force function is taken according to Morgenstern Price 
method as 
( ) tan sini
i
f x
n

 
  
   
  
 (3.86) 
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Where is ‘i' is the slice under consideration and ‘n’ is the total number of slices that 
the geometry is divided into. 
The initial values of tan δ is taken as equal to 1 as given in Zhu et al., (2001) [54] 
and iterated until the convergence of FSMP. 
 Normalization of the equations 
When the above formulation is normalized with respect to H, the factor of safety 
equations can be normalized by dividing the equations with γH2 which results in the 
following changes  
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where wi and dli are also normalized values. 
Once all the above values are plugged into the MATLAB code, FSJanbu, FSSpencer and 
FSMP can be calculated. 
This will thus result in the corresponding matrices, FSJanbu, FSSpencer and FSMP which 
have the minimum values of factor of safety corresponding to the points of the grid as 
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shown in Fig.3.10, Fig.3.11 and Fig 3.13 respectively. In addition to these matrices 
showing the interslice force parameter λ are also obtained for Spencer and 
Morgenstern Price Method. 
Thus the factors of safety using the ordinary method of slices, Bishops Simplified 
method, Janbu’s simplified method, Spencer method and Morgenstern-Price method 
are obtained. 
The performance functions for the reliability analysis are given below: 
  1OMS OMSg X FS   (3.91) 
  1Bishop Bishopg X FS   (3.92) 
  1Spencer Spencerg X FS   (3.93) 
  1MP MPg X FS   (3.94) 
 First order reliability method (FORM) 
The name first order reliability method comes from approximating the performance 
function  G X  by a first order Taylor series. Also, the methods which consider the 
first two moments of the random variables (for normally distributed random variables, 
the first moment is mean value, and the second is the variance) and ignoring the higher 
moments (i.e. skewness, kurtosis etc.), are called the first-order second-moment 
methods (FOSM). However, before presenting some of the FORM methods, it is 
appropriate to define the Cornell reliability index ( c ). 
Cornel reliability index ( c ) 
The Cornell reliability index was the first analytical approximation method to 
calculate the probability of failure, and it paved the way for other methods that have 
a wider domain of application (Ang and Tang (1984) [78]). 
The limit state function or performance function can be written as  
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 g X R S   (3.95) 
Where R = resistance of the structures and S = load applied on the structure. 
Assuming that R  and S  are statistically independent and normally distributed 
random variables, we may define a new random variable Z  with the following 
properties (Ang and Tang (1984) [78]): 
Z R S   (3.96) 
Z R S     (3.97) 
2 2 2
Z R S     (3.98) 
where, Z  and Z  are the mean value and the standard deviation of the random 
variable Z  respectively (Fig. 3.14). Then the probability of failure can be calculated 
from 
   0 Zf c
Z
P P Z



 
       
 
 (3.99) 
where     is the cumulative distribution function for a standard normal variable, 
and c  is the safety index. The same concept can be generalized to the case of more 
than two random variables and to the case of nonlinear performance function and this 
can be done by Taylor series expansion of the performance function around the mean 
values of the random variables as shown below: 
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1 1 1
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 
      
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   (3.100) 
where  Xg   is the performance function evaluated at the mean values of the random 
variables, and 
ix
  is the mean value of the random variable ix . Then, if we truncate 
the series at the linear terms, the first approximate mean value and the variance of Z  
will be given by 
49 
 
Figure 3.14:  Distribution of safety margin, Z R S   (Melchers 2002) 
 Z Xg   (3.101) 
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where  ,i jCOV x x  is the coefficient of variation for the random variables ix  and jx
.Also, a better estimation of the mean value of Z  can be obtained from considering 
the square term in the Taylor series 
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However, the second order variance requires obtaining the higher moments of the 
random variables, which may not be available in practical situations (Ang and Tang 
(1975) [79]). 
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Finally, the safety index ( c ), and the probability of failure ( fP ) can be determined 
from eq.(3.87). Also, since the limit state function is linearized around the mean value, 
the safety index method is also known as the mean value first-order second-moment 
(MVFOSM). However, it is important to know that the estimation of the probability 
of failure using the safety index can only give accurate values for special cases, 
particularly, when the performance function is a simple addition or multiplication of 
the statistically independent random variables. Also, it gives different reliability 
values for the same design problem if the formulation of the performance function is 
changed to an equivalent formulation (i.e. this reliability calculation method lacks 
invariance). Thus, there was a need to develop some improved methods that avoid this 
problem. Yet, these improved methods are based on the safety index idea, which (from 
Eq. (3.87)) gives a qualitative measure of safety, in the sense that larger value of c  
means safer design and vice versa. 
Hasofer and Lind reliability index ( HL ) 
The Hasofer and Lind (H-L) reliability index is one of the most widely used reliability 
calculation methods (Madsen et al., 1986; Haldar and Mahadevan 1995, 2000, 
Barakat et al., 1999, Der Kiureghian 2000, Melchers 2001 [3,80-84]). It is an 
improvement over the Cornell’s safety index and it avoids its lack of invariance 
problem. The algorithm is presented for the calculation of reliability index for 
correlated Gaussian and non-Gaussian random variables in the following sections. 
 Correlated Gaussian random variables 
The limit state function (   0g x  ) is written explicitly in terms of a vector of random 
variables ( X = 
1
n
i i
x

). The limit state function separates acceptable performance 
(i.e. when   0g x  ) from unacceptable performance (i.e. “failure” when   0g x  ). 
Let X be mutually correlated Gaussian random variables. Covariance matrix of the 
correlated random variables 1 2, ,.........., nx x x  is ( )( )ij i i j jC x x     , in 
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which   is the expectation operator, i  and i  are mean and standard deviation 
of random variable ix .  
To determine the location of the most probable point of failure, the first step is to 
transform the set of original random variables ‘ X ’ into a Gaussian and correlated set 
of reduced variables ‘  
1
n
i i
R r

 ’ by  i i i ir x    , where ir ’s are normally 
distributed with mean zero and unit standard deviation.  
Covariance matrix of ‘ R ’ is 
j ji i
ij
i j
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     
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 (which can also be called 
as the correlation coefficient matrix of X ), where | 1ij  |, , 1i j to n .  
The required set of uncorrelated transformed variates can be obtained from ‘ R ’ by 
the transformation, TY T R , where T  is the transformation matrix can be obtained 
from the eigen value analysis of the correlation coefficient matrix of the original 
random variables (
ij   ). In any case T  must satisfy the equation given by 
 [ ]T ijT T  , where    is a diagonal matrix of the eigen values of [ ]ij .   1
n
k k
Y y

  
is a set of uncorrelated random variables with ‘0’ mean and kv is the standard 
deviation. Uncorrelated set of Gaussian random variables ‘Y’ can be transformed into 
a standard normal space ‘  
1
n
k k
U u

 ’ by k k ku y  , where ku  is independent of 
ju k j   with mean ‘0’ and unit standard deviation.  
By rearranging the terms in the above equations we can write random variable ‘ kx ’ 
as follows: 
1
.
n
k k ki i i k
i
x u  

             (3.104) 
where k, i = 1,2,……,n   
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For uncorrelated random variables 1kv   and  1ki   
 Calculation of reliability index 
The performance function can be written as 
g(u) = FS-1 (3.105) 
The basic formulation for FORM can be stated as follows: 
Find  , which 
 
Tminimizes
subjected to  0
u u
g u



 (3.106) 
This problem is modeled as a nonlinear constrained optimization problem which can 
be solved using the method of Lagrange multipliers and is given by, 
Lagrangian,
2
1
( )
n
i
i
L u g u

   (3.107) 
where   is the Lagrange multiplier. The stationary points of L  can be found by 
solving the following set of equations   0iL u    and   0L     (Arora 1989 
[85]). 
2
1
0
j
n
j j
i
i
uL g
u u
u


 
  
 

  (3.108) 
where   
1 1
n n
i
i
i ij i j i
xg g g
u x u x

 
   
   
    
  ,  j = 1,2… to n. (3.109) 
  0
L
g u


 

 (3.110)  
After simplification, Lagrange multiplier ( ) can be written as:  
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 
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 
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 
     where   k = 1,2… to n (3.111) 
Now the design point in the standard normal space ( ku ) can be expressed as 
 
 
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1 1
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   where   k = 1,2… to n  (3.112) 
Rearranging the above Eq. (3.103), we get 
   
2
1 1 1 1
n n n n
k i i
j i j ik k
g g
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x x
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 (3.114) 
Design point (xk) can be written as 
 
1
n
k k i t k
i
x    

            where  k = 1,2,……,n.  (3.115) 
 Non-Gaussian random variables 
The Hasofer-Lind reliability index for non-normal variables are computed using 
transformation of non-normal to normal variables. Several transform models such as 
Rosenblatt transformation (Rosenblatt 1952), Nataf transformation (Nataf 1962), 
Rackwitz and Fiessler algorithm (Rackwitz and Fiessler 1976, 1978), Chen and Lind 
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(1983) [86- 90] are available. A widely used approach by Rackwitz and Fiessler 
(1976) [88] is described in the following section. The algorithm computes equivalent 
mean and standard deviation by imposing conditions that the cumulative distribution  
Figure 3.15: Two dimensional representation of design point on the failure boundary for the 
linear limit state function 
function and the probability density functions of the actual variable and the equivalent 
normal variable are equal at the design points on the failure surface, that is at the 
checking point *
ix , 
 *
*
iXN
X
N
Xi
xF
x
i
i
i 







 


  (3.116) 
where 
i
N
X  and i
N
X  are the mean and standard deviation of the equivalent normal 
variable at the checking point, and  *
iX i
F x  is the cumulative distribution function of 
the original non-normal variables. Rearranging Eq. (3.107), we get  
 * 1 *
i i i
N N
X i X i Xx F x 
       (3.117) 
Equating probability density functions of the original variable and the equivalent 
normal variables at the checking points, 
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 (3.118) 
where (.)  and *( )x if x  are the probability density functions of the equivalent standard 
normal and the original random variables. From Eq. (3.109), 
  
 
1 *
*
i
i
i
X i
N
X
X i
F x
f x


    
  (3.119) 
Based on the known equivalent normal mean and standard deviation, HL can be 
obtained. 
 Most probable point of failure (MPP) 
A major step in a FORM for reliability analysis is to determine the MPP. This is 
usually accomplished by using an optimization search algorithm. The minimum 
distance associated with the MPP (Fig.3.15) provides a measurement of safety or 
probability of failure. In the standard normal space, the point on the first order limit 
state function at which the distance from the origin is minimum is the Most Probable 
Point of failure (MPP) and the shortest distance corresponding to MPP is called as 
reliability index (  ).In this case the limit state surface is approximated by a tangent 
plane at the design point that will eventually converge to the most probable point 
(MPP) of failure (Fig.3.15). 
Fig. 3.16 illustrates the concept of reliability index and MPP search for a two variable 
case in the standard normal space. Finding the MPP and the reliability index is a 
minimization problem, which usually involves an iterative search process using 
FORM. Among the various possible values  1 2 3 4 5, , , ,     , the minimum   is 
identified. 
Probability of failure is given by 
   0fP P g u        (3.120) 
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where Φ(.) is the cumulative distribution function (CDF) of the standard normal 
variate. 
 
Figure 3.16: Identification of MPP in the reliability analysis (FORM) 
The H-L reliability index gives an exact estimation for the design reliability for linear 
performance functions, and an acceptable approximation for most of the nonlinear 
performance functions as long as the radius of curvature of the performance function 
is large compared to magnitude of  .  
 Random variables considered in the present study 
The parameters that are assumed to vary in the present study are the cohesion of the 
soil c, the angle of internal friction ϕ and the unit density of the soil γ. The mean and 
coefficient of variations of these parameters are available in the literature by various 
authors such as Phoon and Kulhawy (1999) [28] and Duncan (2000) [35] etc. 
In this study, for reliability indices, the stability number c/γH is considered for 
calculations. When the values of mean and coefficient of variation of c, ϕ and γ are 
known, the coefficient of variation values for c/γH is calculated as follows 
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COV


  (3.121) 
By the formula used for the variance of a fraction, the variance of c/γH can be 
written as 
2 2 2 2
2
4
H c c H
H
c
H
 

   

 
 
 
 
 (3.122) 
expanded as 
2 2 2 2 2 2
2
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H c c c H H
H
COV COVc
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  

   

 
 
 
 
 (3.123) 
which gives 
2 2c
c H
H
c
COV COV
H




 
 
  
 
 (3.124) 
which can be written as  
2 2
c H
c c
COV COV
H H
 
 
   
    
   
 (3.125) 
from which we obtain  
2 2
c H
c
COV COV COV
H


 
  
 
 (3.126) 
Now, one will have the mean and coefficient of variation values for the parameters 
c/γH and ϕ. 
In this study, the mean and variance of the parameters are taken in such a way that 
any combination of the values available in the literature will be a subset of the values 
taken in the study. The following are the values and their corresponding  
Table 3.1: Random variables considered in the present study 
Random Variable 
Statistics 
Mean COV (%) Distribution 
c
H
 
0.1 to 0.5 10-30 Normal 
ϕ 10 – 40o 5-20 Log-Normal 
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Thus the reliability indices are calculated for various methods by changing the factor 
of safety accordingly in the performance function  
The following matrices (Fig.3.17–3.21) represent the minimum values of the 
reliability indices calculated for each point on the center grid for corresponding set of 
values of radii as slip circle parameters for all the methods of slices discussed 
previously. The least value in the entire grid is taken as the critical reliability index 
βOMS, βBishop, βSpencer, and βMP for ordinary method of slices, Bishop’s simplified 
method, Spencer method and Morgenstern – Price method respectively. The 
corresponding center is the critical center for the given slope.  
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Figure 3.17: Critical Reliability Indices for Ordinary Method of Slices 
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Figure 3.18: Critical Reliability Indices for Bishop’s Simplified Method 
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Figure 3.19: Critical Reliability Indices for Janbu Simplified Method 
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Figure 3.20: Critical Reliability Indices for Spencer Method 
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 Figure 3.21: Critical Reliability Indices for Morgenstern-Price Method 
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Chapter 4 
 
Reliability Analysis of Homogeneous 
Soil Slopes 
   
 
 Validation of the formulation 
In order to ensure that the values obtained by the present formulation are acceptable, 
the results obtained are compared with some standard examples given in the literature.  
Factor of Safety 
Initially, the factor of safety values are compared to the values given in several 
literature works as detailed below. 
 
Figure 4.1: The geometry and soil properties of the slope from Bolton et al. (2003) 
The first example considered was taken from Bolton et al. (2003) [91] as shown in 
Fig.4.1 with homogeneous cohesive soil. The comparison of the results found is 
shown in Table 4.1. The Janbu’s Method gives lower factor of safety as it ignores 
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interslice shear forces and may violate moment equilibrium for the mass as a whole. 
While Spencer’s method incorporates the interslice shear force by assuming a constant 
force angle and satisfies all equilibrium conditions. Hence Janbu’s method generates 
factors of safety lower than Spencer’s. 
Table 4.1: The comparison of factors of safety obtained from the study with Bolton et al. (2003) 
c (kPa)  φ(o) γ (kN/m3) 
FSJanbu FSSpencer 
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28 20 18.84 1.832 1.8488 1.99 2.0182 
 
The second example taken was from Zolfaghari et al. (2005) [92] as shown in Fig.4.2. 
It can be seen that when the values from the literature are compared to those obtained 
by the present study (Table 4.2), they are very close and hence acceptable. 
 
Figure 4.2: The geometry and soil properties of the slope from Zolfaghari et al. (2005) 
Table 4.2: The comparison of factors of safety obtained from the study with Zolfaghari et al. 
(2005) 
c 
(kPa) 
 φ(o) γ (kN/m3) 
FSBishop 
Z
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lf
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14.7 20 18.632 1.74 1.76 
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Another example was taken from Malkawi et al. (2000) [65] (Fig.4.3) which uses 
MCSM optimization to calculate the factors of safety for a given slope of height 5m 
and 1V:2H slope angle.  
 
Figure 4.3: The geometry and soil properties of the slope from Malkawi et al. (2000) 
Table 4.3 gives the summary of the comparison. It is observed that the present study 
slightly overestimates the factor of the safety which is deemed acceptable for the 
current technique used. 
Table 4.3: The comparison of factors of safety obtained from the study with Malkawi et al. 
(2001) 
c (kPa)  φ(o) γ (kN/m3) 
FSMP 
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10 10 17.64 1.338 1.351 
 
Also, a set of values taken from Zhao et al. (2008) [70], for the slope geometry given 
in Fig.4.4, are compared to the values obtained from the present study in Table 4.4. It 
is observed the values obtained are comparable and hence acceptable. 
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Figure 4.4: The geometry and soil properties of the slope from Malkawi et al. (2000) 
 
Table 4.4: The comparison of factors of safety obtained from the study with Zhao et al. (2008)  
c (kPa) φ (o) 
γ 
(kN/m3) 
FSBishop FSSpencer 
Zhao et al. (2008) Present Zhao et al. (2008) Present 
13 16 18 1.734 1.758 1.733 1.758 
13 16 20 1.813 1.822 1.811 1.822 
13 20 22 1.907 1.902 1.905 1.903 
15 16 20 1.760 1.786 1.758 1.786 
15 18 22 1.842 1.854 1.84 1.854 
15 20 18 2.126 2.148 2.124 2.147 
17 16 22 1.780 1.806 1.778 1.806 
17 18 18 2.079 2.107 2.077 2.108 
17 20 20 2.141 2.164 2.139 2.164 
15 18 20 1.904 1.923 1.902 1.923 
 
Also, random examples were created in GeoStudio and the values obtained from the 
software are compared to the ones obtained by the present study as shown in Table 
4.5. 
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Table 4.5: The comparison of factors of safety obtained from the study with GeoStudio 
examples 
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25 18.43 15 32 19 2.419 2.391 2.487 2.489 2.409 2.377 2.486 2.490 2.486 2.484 
15 21.80 1 40 18 2.231 2.336 2.255 2.488 2.230 2.328 2.254 2.498 2.254 2.501 
8 18.43 10 23 19 2.071 2.180 2.187 2.242 2.055 2.157 2.184 2.241 2.184 2.232 
20 21.80 28 0 20 0.512 0.563 0.530 0.570 0.493 0.539 0.530 0.570 0.530 0.569 
18 18.43 9 30 20 2.165 2.156 2.237 2.248 2.155 2.144 2.236 2.249 2.236 2.243 
5 15.95 0 42 20 3.446 3.482 3.561 3.647 3.513 3.473 3.561 3.651 3.561 3.647 
 
As it can clearly be seen that the values calculated from the present study are not 
significantly different to the values provided in the literature. Hence, it can be said 
that the formulation for the factor of safety is validated. 
 
Reliability Indices 
In a process similar to the factors of safety, the reliability indices obtained are also 
compared to the values available given by Zhao et al. (2008) [70] as given in Table 
4.6 which uses a combination of SVM and FOSM. This is summarized as follows 
Table 4.6: The comparison of reliability indices (βBishop, βSpencer) obtained from Zhao et al. (2008) 
and calculated from the present study  
COV 
(%) 
βBishop βSpencer 
Zhao et al. (2008) 
Present 
FOSM 
Zhao et al. (2008) 
Present 
FOSM PEM FOSM 
SVM+
FOSM 
PEM FOSM 
SVM+
FOSM 
5 11.120 10.820 10.740 11.638 11.120 10.950 11.030 11.633 
10 5.590 5.410 5.370 5.819 5.590 5.470 5.510 5.816 
15 3.750 3.610 3.580 3.879 3.730 3.650 3.680 3.878 
20 2.830 2.700 2.690 2.910 2.690 2.740 2.760 2.908 
25 2.290 2.160 2.150 2.328 2.280 2.190 2.210 2.327 
30 1.930 1.800 1.790 1.940 1.920 1.820 1.840 1.939 
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* PEM : Point estimate method   
* FOSM: First order second moment method   
* SVM : Support vector Machine technique 
From the Table 4.6 it can be seen that there is not much difference in the values of 
reliability indices calculated from the present study to those stated in the literature. 
Hence it can be said that the formulation for the calculation of Reliability Index has 
been validated. 
 Slip Circles Study 
In order to study the effect of the geometric as well as the shear strength parameters 
of the soil, the values of the parameters are varied as follows. 
Table 4.7: The ranges of the values used for the various parameters involved in the present 
study   
Parameter Range 
c/γH 0.1 - 0.5 
φ 10 - 40o 
z = tan-1 (α) 3 - 0.5 
COV of φ 5 - 20% 
COV of c/γH 10 - 40% 
The change in the magnitude and the position of critical reliability index and the 
critical slip circles is observed by drawing slip circles for the of all except one of the 
parameter value as fixed and the last one is varied continuously to observe its 
corresponding effect separately for the various methods of slices 
Effect of slope angle α 
 Figure 4.5 shows the effect of change in slope angle α on the critical slip 
surfaces for ordinary method of slices. A more magnified view is given by 
Fig.4.6 which shows the effect of change in slope angle on the shear bands for 
the ordinary method of slices.     
 It can be observed that as the value of α increases, the volume of soil involved 
in the failure mechanism (and hence the location of the critical centers) is 
decreasing. This decrease is causes the normal force at the base of the slip 
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surface to decrease which in turn causes a corresponding decrease in the value 
of stability i.e. the reliability indices.  
 
Figure 4.5: The effect of change in slope angle α on the critical slip surfaces for Ordinary 
Method of Slices 
 
 In the case of Bishop’s simplified method (Fig.4.7 and 4.8), the soil involved 
in α = 45o > that involved in α = 53.13o.This behavior can be attributed to the 
possibility that a local minima is being chosen for that particular value instead 
of a global minima which causes the anomaly in the behavior. It may be 
eliminated by taken a finer grid or by changing the position of the generalized 
grids. 
 Similarly the Fig 4.7 and Fig.4.8 show the effect of slope angle for Bishop’s 
Simplified Method, Fig.4.9 and Fig.4.10 show the effect of slope angle for 
Spencer Method, and Fig.4.11 and Fig.4.12 show the effect of slope angle for 
Morgenstern-Price Method. 
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Figure 4.6: The effect of change in slope angle α on the shear bands for Ordinary Method of 
Slices 
 
Figure 4.7: The effect of change in slope angle α on the critical slip surfaces for Bishop’s 
Simplified Method 
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Figure 4.8: The effect of change in slope angle α on the shear bands for Bishop’s Simplified 
Method 
 
Figure 4.9: The effect of change in slope angle α on the critical slip surfaces for Spencer Method 
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Figure 4.10: The effect of change in slope angle α on the shear bands for Spencer Method 
 
Figure 4.11: The effect of change in slope angle α on the critical slip surfaces for Morgenstern-
Price Method 
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Figure 4.12: The effect of change in slope angle α on the shear bands for Morgenstern-Price 
Method 
 
Effect of stability number c/γH 
 The effect of the stability number c/γH on the slip surfaces, is considered by 
fixing the rest of the parameters and changing c/γH gradually over its range of 
0.1 to 0.5 at an interval of 0.1.   
 Figure 4.13 and Fig 4.14 show the effect of these changes on the positions of 
the slip circles and on the shear bands formed for the Ordinary Method of 
Slices. 
 An increase in c/γH value implies that either the resistance parameter c of the 
soil increases, making the slope stronger in resistance or the load coming on 
the slope is less which increases the stability. Either of the actions result in 
increase of stability causing an increase in the value of reliability index β. With 
an increase in stability, there is decrease in the volume of soil involved in 
failure as well which causes a change in the position of slip circles, but not it 
is bit very significant. 
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 Similar behavior is seen when Bishop’s simplified method, Spencer method 
and Morgenstern-Price method is used. (Fig 4.15 - 4.20) 
 
 
Figure 4.13: The effect of change in c/γH on the critical slip surfaces for Ordinary Method of 
Slices 
 
Figure 4.24: The effect of change in c/γH on the shear bands for Ordinary Method of Slices 
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Figure 4.35: The effect of change in c/γH on the critical slip surfaces for Bishop’s Simplified 
Method 
 
 
Figure 4.46: The effect of change in c/γH on the shear bands for Bishop’s Simplified Method 
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Figure 4.57: The effect of change in c/γH on the critical slip surfaces for Spencer Method 
 
 
Figure 4.68: The effect of change in c/γH on the shear bands for Spencer Method 
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Figure 4.79: The effect of change in c/γH on the critical slip surfaces for Morgenstern-Price 
Method 
 
 
Figure 4.20: The effect of change in c/γH on the shear bands for Morgenstern-Price Method 
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Effect of COV of c/γH 
 In an effort to observe the how the change in the COV of c/γH causes a change 
in the slip surface positions as well as the reliability indices, similar charts are 
drawing in which all the other parameters involved except the COV of c/γH 
are kept constant as it is varied over the values of 10-40% at an interval of 
10%. 
 Figure 4.21 and Fig.4.22 represent the slip circles and the shear band positions 
for observing the effect of COV of c/γH by Ordinary method of slices.  
 It can be seen that as the uncertainty associated with c/γH increases, there is a 
significant decrease in the value of reliability index. The critical centers move 
away from the soil, decreasing the volume of soil involved in the failure but 
the movement is not too much and stabilizes quickly. 
 The critical surface fall on the positive side of the variability of c/γH i.e. the 
critical surface is being calculated when the mean value of COV of c/γH is 
decreasing. 
 Similarly Fig.4.23 to Fig.4.28 give the same for the rest of the methods of 
slices. 
 
Figure 4.21: The effect of change in COV of c/γH on the critical slip surfaces for Ordinary 
Method of Slices 
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Figure 4.22: The effect of change in COV of c/γH on the shear bands for Ordinary Method of 
Slices 
 
 
Figure 4.23: The effect of change in COV of c/γH on the critical slip surfaces for Bishop’s 
Simplified Method 
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Figure 4.24: The effect of change in COV of c/γH on the shear bands for Bishop’s Simplified 
Method 
 
 
Figure 4.25: The effect of change in COV of c/γH on the critical slip surfaces for Spencer 
Method 
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Figure 4.26: The effect of change in COV of c/γH on the shear bands for Spencer Method 
 
 
Figure 4.27: The effect of change in COV of c/γH on the critical slip surfaces for Morgenstern-
Price Method 
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Figure 4.28: The effect of change in COV of c/γH on the shear bands for Morgenstern-Price 
Method 
 
Effect of angle of internal friction ϕ 
 Similar to above procedure, to observe how the angle of internal friction ϕ 
affects the reliability indices and the slip circles formation, the other 
parameters are kept constant and the angle of internal friction ϕ is varied over 
the range of 10-40o  at an interval of 10o. 
 As ϕ increases, the resistance to failure increases, which increases the 
reliability indices. Even though there is an overall increase in the stability of 
the slope, the volume of soil involved in failure increases with increasing ϕ, 
though not very significantly. 
 Figure 4.29 and Fig.4.30 represent the slip circles and the shear band positions 
for observing the effect of angle of internal friction ϕ by ordinary method of 
slices. Similarly Fig.4.31 and Fig.4.32 give the same for the rest of the 
methods of slices as there is not much significant difference in the slip circle 
positions but the values of β are heavily influenced by the method used. 
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Figure 4.29: The effect of change in ϕ on the critical slip surfaces for Ordinary Method of Slices 
 
 
Figure 4.30: The effect of change in ϕ on the shear bands for Ordinary Method of Slices 
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Figure 4.31: The effect of change in ϕ on the critical slip surfaces for Bishop’s Simplified, 
Spencer and Morgenstern-Price Method 
 
 
Figure 4.32: The effect of change in ϕ on the shear bands Bishop’s Simplified, Spencer and 
Morgenstern-Price Method 
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Effect of COV of ϕ 
 This effect is observed by changing the COV of ϕ over the range of 5-20% at 
5% intervals and keeping the other parameters as constant. 
 Increase in variability of the resisting parameter ϕ causes decrease in β’s 
involved. There is not much change in values of the reliability indices but a 
significant change in position of the critical slip surfaces is observed. 
 The critical centres, as COV of ϕ increases, move towards the soil, increasing 
the volume of soil involved in the failure of the slope. The critical surface fall 
on the negative side of the variability of ϕ i.e. the critical slip surfaces are 
calculated when there is decrease in the values of ϕ. 
 Figure 4.33 and Fig.4.34 show the effect of change in slope angle α on the 
critical slip surfaces and on the shear bands for Ordinary Method of Slices.  
 Similarly the Fig.4.35 – 4.40 show the same for Bishop’s Simplified Method, 
for Spencer Method, and for Morgenstern-Price Method respectively. 
 
 
Figure 4.33: The effect of change in COV of ϕ on the critical slip surfaces for Ordinary Method 
of Slices 
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Figure 4.34: The effect of change in COV of ϕ on the shear bands for Ordinary Method of 
Slices 
 
 
Figure 4.35: The effect of change in COV of ϕ on the critical slip surfaces for Bishop’s 
Simplified Method 
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Figure 4.36: The effect of change in COV of ϕ on the shear bands for Bishop’s Simplified 
Method 
 
 
Figure 4.37: The effect of change in COV of ϕ on the critical slip surfaces for Spencer Method 
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Figure 4.38: The effect of change in COV of ϕ on the shear bands for Spencer Method 
 
 
Figure 4.39: The effect of change in COV of ϕ on the critical slip surfaces for Morgenstern-
Price Method 
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Figure 4.40: The effect of change in COV of ϕ on the shear bands for Morgenstern-Price 
Method 
 
Thus deductions have been made on the effect of the varying parameters on the 
magnitude of reliability Indices and also the allocation of the critical centers and their 
critical slip surfaces. 
 Design Charts 
The reliability indices were calculated for the various combinations of all the 
parameters involved and also over the different method of slices. These values are 
summarized by proposing the design charts for the Ordinary, Bishops, Spencer and 
Morgenstern-Price method. These charts can be used for calculating the reliability 
indices for any given homogenous slope as long as they possess the characteristics 
defined in the charts. 
The reliability indices are called as good or bad based on the classification given by 
USACE (1997). USACE gave the tolerable values of Reliability Indices (β) for 
different performance levels as shown in Table 4.8. The design charts are based on 
these values. 
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Table 4.8: The classification of Reliability Indices as given by USACE (1997)   
Target Reliabilty Indices 
Expected Performance 
Level 
β 
Probability of Unsatisfactory 
Performance  
High  5 0.0000003 
Good 4 0.00003 
Above Average 3 0.001 
Below Average 2.5 0.006 
Poor 2 0.023 
Unsatisfactory 1.5 0.07 
Hazardous 1 0.16 
 
For each design chart, the values of the stability number c/the angle of internal 
friction ϕ and the method of slope stability used in deriving the reliability index is 
kept constant and the rest of the parameters i.e. the slope angle α , the COV of 
c/and COV of ϕ are varied. 
 Design Charts for Ordinary Method of Slices 
 In Fig 4.41, the values of reliability indices obtained by the ordinary method 
of slices are given. The values of the parameters considered are c/H = 0.1 and 
ϕ = 10o are fixed and the rest are varied over their respective ranges as given 
in Table 4.7. The following observations can be made. 
 When the COV of ϕ is constant, as the COV of c/H increases from 10% to 
40%, a clear decrease in the reliability index value is observed owing to the 
fact that there is an increase in the variability of the parameters. Similarly, as 
COV of ϕ increases from 5% to 20%, there is decrease in the maximum 
reliability index of for each variation. 
 It can also be observed that the slopes having angles beyond 45o or so cannot 
exist because they are beyond hazardous i.e. they cannot sustain.  
 Also, it is clear that the values with high variability and steeper slopes fall in 
the hazardous zones, but as the variability decreases and the slope is more 
geometrically stable, the reliability of the slope increases.   
 When the COV of ϕ = 5% and COV of c/H increases from 10% to 40%, slope 
having their inclinations in the range of 30 – 45o are mostly hazardous in their 
reliability and should be avoided. Almost all the slope with inclinations lesser 
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than 25o have acceptable levels of performance despite of the variation in the 
soil properties. 
 
Figure 4.41: Design charts for c/γH=0.1 and ф=100 for Ordinary Method of Slices 
Similar observations can be made for Fig.4.42 – 4.60 for ordinary method of slices, 
Figs.4.61 – 4.80 for Bishop’s simplified method, Fig.4.81– 4.100 for Spencer method 
and Fig.4.101 – 4.120 for Morgenstern –Price method. 
 
Figure 4.42: Design charts for c/γH=0.1 and ϕ=200 for Ordinary Method of Slices 
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Figure 4.43: Design charts for c/γH=0.1 and ϕ=300 for Ordinary Method of Slices 
 
 
 
Figure 4.44: Design charts for c/γH=0.1 and ϕ=400 for Ordinary Method of Slices 
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Figure 4.45: Design charts for c/γH=0.2 and ϕ=100 for Ordinary Method of Slices 
 
 
 
Figure 4.46: Design charts for c/γH=0.2 and ϕ=200 for Ordinary Method of Slices 
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Figure 4.47: Design charts for c/γH=0.2 and ϕ=300 for Ordinary Method of Slices 
 
 
Figure 4.48: Design charts for c/γH=0.2 and ϕ=400 for Ordinary Method of Slices 
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Figure 4.49: Design charts for c/γH=0.3 and ϕ=100 for Ordinary Method of Slices 
 
 
Figure 4.50: Design charts for c/γH=0.3 and ϕ=200 for Ordinary Method of Slices 
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Figure 4.51: Design charts for c/γH=0.3 and ϕ=300 for Ordinary Method of Slices 
 
 
Figure 4.52: Design charts for c/γH=0.3 and ϕ=400 for Ordinary Method of Slices 
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Figure 4.53: Design charts for c/γH=0.4 and ϕ=100 for Ordinary Method of Slices 
 
 
Figure 4.54: Design charts for c/γH=0.4 and ϕ=200 for Ordinary Method of Slices 
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Figure 4.55: Design charts for c/γH=0.4 and ϕ=300 for Ordinary Method of Slices 
 
 
Figure 4.56: Design charts for c/γH=0.4 and ϕ=400 for Ordinary Method of Slices 
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Figure 4.57: Design charts for c/γH=0.5 and ϕ=100 for Ordinary Method of Slices 
 
 
Figure 4.58: Design charts for c/γH=0.5 and ϕ=200 for Ordinary Method of Slices 
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Figure 4.59: Design charts for c/γH=0.5 and ϕ=300 for Ordinary Method of Slices 
 
 
Figure 4.60: Design charts for c/γH=0.5 and ϕ=400 for Ordinary Method of Slice 
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 Design Charts for Bishop’s Simplified  Method  
 
Figure 4.61: Design charts for c/γH=0.1 and ϕ=100 for Bishop’s Simplified Method 
 
 
Figure 4.62: Design charts for c/γH=0.1 and ϕ=200 for Bishop’s Simplified Method 
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Figure 4.63: Design charts for c/γH=0.1 and ϕ=300 for Bishop’s Simplified Method 
 
 
Figure 4.64: Design charts for c/γH=0.1 and ϕ=400 for Bishop’s Simplified Method 
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Figure 4.65: Design charts for c/γH=0.2 and ϕ=100 for Bishop’s Simplified Method 
 
 
Figure 4.66: Design charts for c/γH=0.2 and ϕ=200 for Bishop’s Simplified Method 
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Figure 4.67: Design charts for c/γH=0.2 and ϕ=300 for Bishop’s Simplified Method 
 
 
Figure 4.68: Design charts for c/γH=0.2 and ϕ=400 for Bishop’s Simplified Method 
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Figure 4.69: Design charts for c/γH=0.3 and ϕ=100 for Bishop’s Simplified Method 
 
 
Figure 4.70: Design charts for c/γH=0.3 and ϕ=200 for Bishop’s Simplified Method 
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Figure 4.71: Design charts for c/γH=0.3 and ϕ=300 for Bishop’s Simplified Method 
 
 
Figure 4.72: Design charts for c/γH=0.3 and ϕ=400 for Bishop’s Simplified Method 
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Figure 4.73: Design charts for c/γH=0.4 and ϕ=100 for Bishop’s Simplified Method 
 
 
Figure 4.74: Design charts for c/γH=0.4 and ϕ=200 for Bishop’s Simplified Method 
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Figure 4.75: Design charts for c/γH=0.4 and ϕ=300 for Bishop’s Simplified Method 
 
 
Figure 4.76: Design charts for c/γH=0.4 and ϕ=400 for Bishop’s Simplified Method 
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Figure 4.77: Design charts for c/γH=0.5 and ϕ=100 for Bishop’s Simplified Method 
 
 
Figure 4.78: Design charts for c/γH=0.5 and ϕ=200 for Bishop’s Simplified Method 
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Figure 4.79: Design charts for c/γH=0.5 and ϕ=300 for Bishop’s Simplified Method 
 
 
Figure 4.80: Design charts for c/γH=0.5 and ϕ=400 for Bishop’s Simplified Method 
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 Design Charts for Spencer Method  
 
Figure 4.81: Design charts for c/γH=0.1 and ϕ=100 for Spencer Method 
 
Figure 4.82: Design charts for c/γH=0.1 and ϕ=200 for Spencer Method 
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Figure 4.83: Design charts for c/γH=0.1 and ϕ=300 for Spencer Method 
 
 
Figure 4.84: Design charts for c/γH=0.1 and ϕ=400 for Spencer Method 
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Figure 4.85: Design charts for c/γH=0.2 and ϕ=100 for Spencer Method 
 
 
Figure 4.86: Design charts for c/γH=0.2 and ϕ=200 for Spencer Method 
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Figure 4.87: Design charts for c/γH=0.2 and ϕ=300 for Spencer Method 
 
 
Figure 4.88: Design charts for c/γH=0.2 and ϕ=400 for Spencer Method 
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Figure 4.89: Design charts for c/γH=0.3 and ϕ=100 for Spencer Method 
 
 
Figure 4.90: Design charts for c/γH=0.3 and ϕ=200 for Spencer Method 
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Figure 4.91: Design charts for c/γH=0.3 and ϕ=300 for Spencer Method 
 
 
Figure 4.92: Design charts for c/γH=0.3 and ϕ=400 for Spencer Method 
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Figure 4.93: Design charts for c/γH=0.4 and ϕ=100 for Spencer Method 
 
 
Figure 4.94: Design charts for c/γH=0.4 and ϕ=200 for Spencer Method 
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Figure 4.95: Design charts for c/γH=0.4 and ϕ=300 for Spencer Method 
 
 
Figure 4.96: Design charts for c/γH=0.4 and ϕ=400 for Spencer Method 
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Figure 4.97: Design charts for c/γH=0.5 and ϕ=100 for Spencer Method 
 
 
Figure 4.98: Design charts for c/γH=0.5 and ϕ=200 for Spencer Method 
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Figure 4.99: Design charts for c/γH=0.5 and ϕ=300 for Spencer Method 
 
 
Figure 4.100: Design charts for c/γH=0.5 and ϕ=400 for Spencer Method 
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 Design Charts for Morgenstern-Price Method  
 
Figure 4.101: Design charts for c/γH=0.1 and ϕ=100 for Morgenstern-Price Method 
 
 
Figure 4.102: Design charts for c/γH=0.1 and ϕ=200 for Morgenstern-Price Method 
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Figure 4.103: Design charts for c/γH=0.1 and ϕ=300 for Morgenstern-Price Method 
 
 
Figure 4.104: Design charts for c/γH=0.1 and ϕ=400 for Morgenstern-Price Method 
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Figure 4.105: Design charts for c/γH=0.2 and ϕ=100 for Morgenstern-Price Method  
 
 
Figure 4.106: Design charts for c/γH=0.2 and ϕ=200 for Morgenstern-Price Method 
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Figure 4.107: Design charts for c/γH=0.2 and ϕ=300 for Morgenstern-Price Method 
 
 
Figure 4.108: Design charts for c/γH=0.2 and ϕ=400 for Morgenstern-Price Method 
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Figure 4.109: Design charts for c/γH=0.3 and ϕ=100 for Morgenstern-Price Method 
 
 
Figure 4.110: Design charts for c/γH=0.3 and ϕ=200 for Morgenstern-Price Method 
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Figure 4.111: Design charts for c/γH=0.3 and ϕ=300 for Morgenstern-Price Method 
 
 
Figure 4.112: Design charts for c/γH=0.3 and ϕ=400 for Morgenstern-Price Method 
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Figure 4.113: Design charts for c/γH=0.4 and ϕ=100 for Morgenstern-Price Method 
 
 
Figure 4.114: Design charts for c/γH=0.4 and ϕ=200 for Morgenstern-Price Method 
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Figure 4.115: Design charts for c/γH=0.4 and ϕ=200 for Morgenstern-Price Method 
 
 
Figure 4.116: Design charts for c/γH=0.4 and ϕ=400 for Morgenstern-Price Method 
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Figure 4.117: Design charts for c/γH=0.5 and ϕ=100 for Morgenstern-Price Method 
 
 
Figure 4.118: Design charts for c/γH=0.5 and ϕ=100 for Morgenstern-Price Method 
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Figure 4.119: Design charts for c/γH=0.5 and ϕ=300 for Morgenstern-Price Method 
 
 
Figure 4.120: Design charts for c/γH=0.5 and ϕ=400 for Morgenstern-Price Method 
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 Design Example 
Consider an example which has the following parameters  
H :  The height of the soil mass in m = 5 
α : angle of slope with horizontal in degrees = 26.56 
c : the value of cohesion of the fill in kPa = 9.8 
ϕ : angle of internal cohesion in degrees =10  
γ: unit weight of the fill in kN/m3 =17.64 
COV(c/γH) : Co-efficient of Variation of c/γH = 10% 
COV(ϕ) : Co-efficient of Variation of ϕ = 10% 
 
This example gives a  c/γH of 0.11. 
As the charts provided are for the values of which gives c/γH equal to 0.1 and 0.2, the 
value for 0.11 is obtained by  recognizing the corresponding values for ϕ  = 10o, 
COV(c/γH)  = 10% and COV(ϕ)  = 10%  from these two charts and then interpolating 
them to the value of c/γH =0.11. 
 
The values of Reliability Indices obtained are 
βOMS = 2.888   βBishop = 3.38  βSpencer = 3.381   βMP = 3.314 
The value of the reliability for the ordinary method of slices is the least while the one’s 
from the β from the other methods are in the least comparable. 
Morgenstern – Price method value can be taken to be most accurate parameter to 
depict the reliability of the slope as it takes into account the sinusoidal interslice 
forces. 
It can be observed that the slope has an above average performance with the current 
variability as all the reliability indices are more than 3.0 except for ordinary method 
of slices. 
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Chapter 5 
 
 
Pore Water Pressure and Layered Soil 
Slopes 
   
 
 Pore Water Pressure 
The presence of water table has significant effect on the stability of slopes due to the 
presence of seepage force through the structure, which affects the behavior of the 
slope. Also effective shear stress parameters must be used in the calculation of factor 
of safety in the presence of water table. 
 
Figure 5.1: The geometry and parameters used for factor of safety using pore water pressure 
calculations 
Equations of factor of safety with steady seepage 
The various factor of safety equations used previously do not take into account the 
presence of water table. An attempt has been made to integrate pore water pressure in 
the present study.  
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The various equations for factor of safety are now to be modified in order to 
accommodate the seepage forces coming on the slope and hence into the calculation 
of the slice information. 
The average pore water pressure, ui, at the base of each slice can be defined as  
i w wiu h  (5.1) 
where hwi = height of the water table at the base of the i
th slice 
The total force caused by the pore water pressure at the bottom of the ith slice is equal 
to  
i i iU u dl  (5.2) 
Figure 5.2: The forces acting on a slice in presence of water table 
The equations of the factors of safety take on the following forms 
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Formulation in MATLAB 
The calculation of the width of the slices is lightly different from before in the sense 
that the areas between the slices are divided based on the x-coordinate of the slices. 
The value xwt which is the x-coordinate of the point at which the slip surface meets 
the water table, is calculated by substituting the y-coordinate as water table height Hw 
in the circle equation given by eq. 3.19. 
Then, the areas between the entry p2 and xwt, xwt and p, p and 0 and 0 and exit p1 are 
all divided separately into a n1, n2, n3, n4, n5 number of slices such that we get different 
widths for slices in different areas. The total number of slices is taken as 30. These 
widths are then fed into program as before. 
The parameter to be measured and calculated in addition to the ones obtained 
previously is the average height of the water table for each slice hwi, which is 
calculated as follows. 
The midpoints of the base of the slices (mbxi,mbyi) (Fig.5.3) are calculated as  
1
2
i i
i
x x
mbx 

  (5.7) 
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1
2
i i
i
y y
mby 

  (5.8) 
Now, as we proceed from left to right along the slices, depending on the position of 
the slice in relation to the water table, hw changes as follows. If 
2 i+1 wt ip  > x  > x  hw = 0  (5.9) 
wt i+1 i ix >x >p hw = Hw - mby  (5.10) 
i+1 i i w ip > x > 0 hw = (mbx tand ) - mby  (5.11) 
i+1 1 i i0 > x > p  hw =0 - mby  (5.12) 
If the slip circle exits after the toe i.e. the exit point lies on the slope, the n6 part and 
their corresponding parameters are all taken as equal to 0 and the above calculations 
are made and their corresponding values are assigned. 
 
Figure 5.3: The calculation of the water head for a slice 
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Thus, once the hwi’s (Fig.5.3) are calculated, the pore water pressure component can 
be calculated corresponding and the factor of safety values are obtained. 
The changes to include water table calculations were made only for the Ordinary 
Method of Slices and the Bishops Simplified Method. 
The comparison of the values for an example with slope properties taken from 
Malkawi et al., (2008) [93] and calculated in GeoStudio is shown in Table 5.1. It is 
seen that there is no significant difference between the values stated in literature and 
those calculated from the present study. 
Table 5.1. The comparison of the values obtained from GeoStudio to those calculated by the 
present study for the presence of water table 
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50 26.6 40 21.8 30 30 18 1.71 1.76 1.81 1.82 9.58 10.23 
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 Layered Soil Slope 
Naturally occurring slope might me homogenous or layered in terms of the formation 
of the slope. Stratified deposits are very common in nature especially with a weak 
layer perched in between strong layers. 
Man-made slopes, especially in landfills and certain types of earthen embankments 
can also be considered as layered soil slopes. Hence it is essential to analyze the 
performance of such slopes in order to have a well-rounded study. 
 
Figure 5.4:  Three Layered soil slope showing the parameters used in determination of factor of 
safety 
For the purpose of this study, a slope having three layers is taken into consideration. 
The supporting base of the slope is assumed to have properties cb, ϕb. A second layer 
above that, having properties cm, ϕm and a height of hm, makes up the lower part of the 
slope. The top layer of the slope has its properties as ct, ϕt and of ht in height. The 
entire slope is will have a uniform density of γ. 
Calculation of factor of safety for layered soils 
For multilayered slopes, the difference is in the way the weights of the slices are 
calculated. For example, a given slice in slip surface, depending on its position in the 
slope may contain all the three soils, only top two layers of the slope or just the top 
layer of the slope. Thus the values of c and ϕ taken into consideration for the 
calculation of its weight depend on the position of the slice. 
135 
In order to avoid having slices which fall in between two layers, the slice widths are 
decided in a way that all the slices start or end exactly at the junction of two layers. 
Hence determination of the points of intersection of the slip circle with these layer 
boundaries is to be done.  
The x-coordinates, xm and xb, of the points of intersection can be calculated by 
substituting the layer heights as the y-coordinates in the slip circle equation (eq. 3.19.) 
i.e., hm and 0 respectively.  
The point xs is the x-coordinate of the point where the middle layer meets the slope 
which can be calculated by using the slope equation (eq. 3.18) and substituting the 
value of y = hm in it. 
 
Figure 5.5:  Three Layered soil slope showing the division of the slices to determine 
corresponding c and ϕ 
Once these are determined, then the areas between p2 and xm, xm and xb, xb and xs, xs 
and p, p and 0 and 0 and p1 are divided into n1, n2, n3, n4, n5, n6 number of slices 
separately. The total number of slices is taken as 30. This results in different widths 
for the slices in different areas. These widths are then fed into program as before. 
It is important to judge which value of c and ϕ go into the calculation of a particular 
slice ‘i', which again depends on the position of the slice.  
Say the area between p2 and xm is divided into n1 number of slices, then all these n1 
slices lie only in the top layer of the soil, hence the corresponding shear strengths 
parameters for these slices would be ct and ϕt .This is done as follows 
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2 1i m i t i tp x x c c and        (5.13) 
1m i b i m i mx x x c c and        (5.14) 
If bx p  then  
1 1i i b i bp x p c c and        (5.15) 
else 
1 1i i b i bp x p c c and        (5.16) 
If the slip circle exits after the toe i.e. the exit point lies on the slope, the n5 and n6 
parts and their corresponding parameters are all taken as equal to 0 and the above 
calculations are made and their corresponding values are assigned. 
Thus, we can then feed the corresponding c and ϕ of each slice into the previous 
formulation in order to obtain the factors of safety. 
The factor of safety equations can be written as 
,lim
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  (5.18) 
In case of layered soil slope, the present formulation has been developed to calculate 
the only the factors of safety. This formulation can be used to further expansion to 
reliability calculations as shown previously for homogeneous slopes. 
The comparison of the values for a random example generated in GeoStudio and those 
obtained from the present study is shown in Table 5.2. 
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Table 5.2. The comparison of the values obtained from GeoStudio to those calculated by the 
present study for three layered soil slope 
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15 20 5 17 21 4.15 35 28 19 1.76 1.73 1.84 1.85 1.84 1.85 1.84 1.83 
 
It is seen that there is no significant difference between the values generated by 
GeoStudio and those calculated from the present study. 
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